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PREFACE. 



Iv a Treatise intenkled for the purposes of Academical 
instruction it is of the first iupportance tbat the more eleijQ^eii- 
tarjr propositions should be laid down, référence being h^d 
onlj to the simplest and most c^vious methods of investigation. 

The attainment of this object has in the foUpiiring work 
been found in some degree incompatible /inth^a sti:ic|iy sci- 
entific arranganent of its parts. :> . 

The discussion of the generaj équations pf Bquilibrium 
evidently forms the , legitimate basis of a theory of Hydro- 
statics. This discusision involves hoW^eyer the considération of 
a point in space referred to three rectangular co-ordinates, 
and is, in its most gênerai form, by no means essential to 
a further progress in the subject: it has therefore been 
referred to the end of the work, and that particular case 
of it in which the accelerating force is gravity, considered 
alone. 

In the theory of the motion of JluidSf a distinction ha« 
been made between the case in which the velodty of every 
particle is the same as it passes through the sa/me point 
in space; and the more extended case of variable motion. 
Of the former a separate solution has been obtained; and 



IT PBSFACE. 

on the resulting formula the whole of the theory of Hydro- 
dynamics bas been made to dépend. The manner in which 
this part of the subject bas been treated is believed to be 
altogether new. 

It is unnecessary hère to enter further into the arrange- 
ment of the work. The reader is referred to a copions 
table of Contents which bas been prefixed to it. 

In conclusion the Author bas to acknowledge his im- 
portant obligations to his friend Mr. Challis, of Trinity 
Collège. He is indebtéd to tha;t Gentleman for the Chapter 
(vu.) on the gênerai Equations of the Motion of Fluids, and 
the Appendix (A) on the Oscillations of a cylindrical 
Column of Air. In the former of thèse papers, Mr. Challis 
bas completely solved the gênerai équation expressing the 
continuity of a moving fiuid. 



West Monkton, Ée«r Taunton, 
Marek 10, 18S0. 
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CHAP. I. 

1. FtuiDs differ from solid bodies in the slighter ad- 
hésion of their parts, and the facility with which they are 
made to move among one another. 

2. They are distinguished into incompressible or liquida 
and elastic or aeriform. 

Incompressible fluids may be made to assume an infinité 
variety of différent forms, but retain always the same 
volume. 

Elastic fluids vary at once in form and volume with any 
variation in the pressure they sustain, and retum again to 
the same form and volume when the same circumstances of 
pressure are restored. 

3^ Force impressed on a solid, is effective only in the 
direction in which it is impressed, and is sustalned by equal 
force impressed in an opposite direction. Applied to a fluid, 
it is effective in every direction, and is only to be sustained 
by forces applied to every point in thé surface of that fluid. 

A 



4. Conceive a vessel (Fig. 1.) to contain a fluid, with 
the whole of whose surface it isaccurately in contact; and 
let such forces be applied to the fluid (by means of pistons 
P and Q acting through apertures any where made in the 
vessel), as may sustain one another and keep the whole at 
rest. Now, an equilibrium being thus established, it is a 
znanifest and distinctive property of fluids, that such a force 
may be taken as, applied to either of the pistons, will cause 
the other piston to ascend or require an additional force to 
keep it at rest. In what are termed perfect Jluidsy any 
force, however small, is sufficient thus to disturb the equi- 
librium: and in solids, no force, however great. Between 
thèse extrêmes, nature présents us wi{h an infinité variety 
of bodies, which appear to approach more or less to a state 
of perfect fluidity, as they arç more or less aflfected by 
that mutual attraction of their parts which is called cohésion, 
and is common to ail material bodies. 

5. Since the same pressure is manifestly produced on 
eitha* of the pistons, by the force applied to the other, as 
though. it formed part of the containing vessd, it follows 
that such a force may be applied to one portion of the 
surface of a. fluid (wholly enclosed by the containing vessel) 
as to proàuce a certain pressure in every other portion of , 
that surface. Now, in perfect fluids, the pressure thus pro- 
duced on any portion of surface equal to that of the piston, 
is thé same with the pressure on the piston itself. 

This property of the equal distribution of fluid pressure, 
may be proved directly by experiment, and thus proved, is 
commonly taken for the basis of the theory of Hydrostatics. 

It may, however, be deduced on mechanical principles, 
from the more évident and characteristic properties of fluids. 

n6. Conceive the pistons P and Q to act through tubes 
to which they are accurfttely fitted: and suppose the system 
to be in equilibrium as above. Now, let the force P bè 
applied to one of the pistons, and let P'' be that force 
which must be similarly applied to the othèr, in order to 
maintain the equilibrium. • . . 



Sipce no change . takes ; place in the System from tbe 
application of tha forces P and P\ and that no résistance 
is opposed to the mutual action of thèse forces upon one 
another, by the intervening fluid, (any the slightest pressure 
being communicated from ohe piston to the other, by hy-^ 
pothesis,) it îs clear thàt the equilibrium aibcHig the forces 
first impressed upon it remains; and, therefore, that P and 
P' are themselves in equilibrium. 

The whole may, therefore, be considered as a machine, 
on which thèse forces sustain one another, and of which 
the distinguishing property is this, ,that whatever motion 
takes place in it, the fluid between the pistons will continue 
to occupy the same space, Let one of the pistons be slightly 
thrust down, then will the other be raised; and as much 
fluid as is displaced by the first piston will be forced into 
the tube which contains the other. If, therefore, h and 
— A'* be the distances through which the motion of the pistons 
takes place, and N and N' transverse sections of the tubes, 

Nh + N'K = 0. 

Also, by the principle of virtual velocities, since the forcés 
P and P' are in equililmum on the system 

Ph + P'A' = 0; 

The same reasoning may be extended to any number of 
pressures, by comparing P separately with each, and con- 
sidering the rest as supplied by the sides of the vessel, thus 

P P' P" P'" 

The above équations hold for elastiç as well as inelastic 
fiuids; for, the pressure being the same, the density is not 
altered by any altération in the position of the pistons. 

* The négative sign is hère taken^ because the motions of the 
twô pistons take place m opposite directions. 



7. We ghall give a second démonstration of this im- 
portant theorem, more directly grounded on experiment. 

Let AB (Fig. 4.) be an imiform bent tube containing a 
fluid in equilibrium, whose surfaces are at A and B. Let 
a force P be appUed to the surface at A, by means of a piston 
accurately fitting the interior of the tube. It will be found 
that an equal force Q must be similarly applied at J9, in order 
tQ préserve the equilibrium in the same position of the pistons. 
And, similarly, if by means of a weight or other force applied 
at elther surface, the fluid be forced into any other position 
A'fff and rest in that position; then, the whole being in 
equilibrium, if a force P be applied at A\ an equal force Q 
must be applied at ff to préserve the equilibrium in the same 
position as the fluid. 

Now, the forces, whatever they may hâve been, which 
acted upon the fluid before the application of P and Q, were 
in equilibrium, since they held the System at rest; also this 
equilibrium remains after the application of those forces, since 
the position of the fluid is unaltered. The forces, other than 
P and Q, being, therefore, in equilibrium; also the whole 
System of forces, including thèse, being in equilibrium, they 
are themselves in equilibrium. And the force P applied to 
the surface A\ sustaining the equal force Q, applied to the 
surface £', it follows that the pressure on either surface is 
propagated through the fluid to the other. 

If there be a force impressed on a given surface^ in any 
portion of a Jluid at resty an equal pressure will thereby be 
generated on a/^ equal surface in any other portion of thejluid» 

Let ABCD (Fig. 2.) be a vessd filled with fluid. Let 
a piston be introduced at Q; and suppose a given force Q 
to act upon it. The pressure Q will generate in any other 
portion of the fluid an equal pressure on a surface Jlf , equal 
to that of the piston. For, since the fluid is in equilibrium, 
if any of the parts of it be connected together, so as to become 
solid, the equilibrium will continue under the same circimi- 
stances with regard to the remainder, it being impossible that 



an equilibrium, oDce established, should be destroyed, except 
by adding to the forces firom which it bas resulted, or taking 
away from them, Neither of which cases are involved in our 
supposition. 

Let, then, every portion of the fluid be supposed to be- 

come solid, excepting only the uniform tube QM extending 

from the piston Q to the surface M: the equilibrium will, 

therefore, remain with regard to the fluid within the tube QM: 

and the pressure on M will be the same as when the surround- 

ing particles were in a fluid state. 

f 

Now, by the last article, the pressure communicated by Q* 
to M is equal to Q : and M is anywhere situated in the fluid: 
whence the truth of thè proposition is apparent. 

Let N and N' be surfaces taken anywhere in the fluid, 
of which let M, the area of the section of the piston Q, be 
a common measure. Also, let M be exceeding small, so 
that N and JV' may be considered as made up of elementary 
planes, each equal to M* Then will the pressure on each of 
thèse elementary planes be represented by Q, and their num- 

N If 

bers in the two surfaces respectîvely, by — and — , putting, 

therefore, P and P' for the whole pressvures sustained by the 
surfaces, we hâve 



* The ^^ pressure communicated hy Q,*' ît is to be observed ; there 
may be a further pressure on M resulting from forces impressed on 
the fluid in MQ, as in the case of grarity. 
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8. We may consider the pressure Q as supplied by tbc 
sides of the yessel, of whîch the piston forms a part ; P and F 
will then represent the pressures produced on N and JV", by 
ihe résistance of the élément M of the coats of the vessel : and 
since the pressures similarly produced by any other élément, 
are in the same ratio, it fbÛows that the équation is true, 
if they be taken to represent the whole pressure resulting 
from the sum of the résistances, or the whole reaction of the 
sides of the yessel. 

N and JV' may be taken anywhere in the fluid, and may, 
therefore, be supposed to form a part of the containing vessel. 
One or both of them may, in fact, be considered as terminating 
pistons, acted on by the forces P and P' : in which last case, 

P N 

the relation — = — will be necessary to the equilibrium. 

The proof extends to any number of surfaces, iV, JV", JV". 

9. The surface JV' may be of any form, of any mag- 
nitude, and in any position, and may, therefore, be taken to 
represent the whole interior surface of the vessel. The portion 
Ny which may be considered as the termination of a piston, 

JV" . p 
being excepted. Now P' = — -^— ; hence, therefore, (cœterU 

datis) the pressiure on the coats of the vessel is the greatest 
when the surface N of the piston in contact with the fluid 
is the least: and, the piston, the pressure upon it, and the 
volume of fluid being given, the pressure on the coats of^ 
the vessel is least, when the containing surface N' is the 
least that will contain that fluid ; that is, when it is a sphère 
(Gamier, CaL Integ. 61 6.). Hence, therefore, it appears that 
the spherical form is that best adapted to vessels containing 
a fluid which is subjected to pressure. 

Pbob. If an inverted cône contain a fluid, and a given 
pressure be applied by means of a piston to the whole of its 
horizontal surface; the |Hressure suslained by the sides of the 
cône is the same to whatever hei^t k be fiHed. 



For, if a s ^ the angle at the yertex, 

P' surface 
P base 

s cosec a; 

.". P' ^= P . cosec a = constant. 

Of cjlindrical vessels containing a given quantity of fluid, 
the pressure produced by a given force actiûg on a givea 
surface, is the least in that, whose height is equal to the 
diameter of its base. That being the least cylindrical surface 
of a given capacity. 

10. It is manifest, that the gênerai proposition we hâve 
stated is équivalent to this, that force impressed on any por- 
tion of the containing surface of a fluid, is propagated to 
every other equal portion of it. For, since P is the pressure 

P . 

on the whole surface N, -^ is that on each unit of it : and 

N 

. . P' . 

similarly —, is the pressure on each unit of the surface N\ 

Now 

therefore the pressure on every unit of JV is propagated to 
every unit of JV": and hence it follows, that the pressure on 
any surface A of N, produces an equal pressure on an equal 
surface A of JV". 

11. Let Jlf be a body entirely côntained in the fluid. 

(Fîg. 1.) Now the pressure produced by P being referred 

p 

to an unit of surface, is represented by — . Let s and «' 

be. elémentary portions of the surface of ilf, having a common 
projection on the plane %y : and let <r and a be the angles which 
the normals or the compléments of the angles which the tangent 
planes to thèse elementary surfaces make with the same plane. 
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P P 

Then are -7;' ^^^ ^^ ^^^ T^^' sin o-', the pressures on s and 

N N ^ 

i\ resolved perpendicular to the plane «y. But m sin <r and 
m' sin <T represent each the common projection of the surfaces 

ê and 8. The expressions --- « sin <r, and -rr / sin a', are, 

iV iv 

therefore, equal to one another. And the opposite pressures 
on any two éléments of the surface, having a common pro- 
jection on the plane «y, are equal, and therefore destroy. 
The body N can, therefore, hâve no motion, whether of 
rotation or translation, as it respects that plane: and similar 
reasoning applies to the other co-ordinate planes^ It follows, 
therefore, that if a body be whoUy contained in a fluid, a 
pressure communicated to that fluid has no tendency what- 
ever to alter the position of the body, provided the fluid 
itself remains at rest. 

12. To détermine the pressure on any portion of the 
sides of the vessel, (Fig. 1.) tending to cause a motion of 
translation from the plane zy, 

Let dx dy represent the projection of (5) on the plane xy. 
' .•. « sin a = dx dy; 

P _ P dx dy 

dx dy 



pressure 






sm <r 

dx dy 






dy. 

Ail that has been hitherto said with regard to incom- 
pressible fluids, applies, without restriction, to elastic fluidô, 
the piston béing supposed to hâve attained a state of repose. 
It is only in the manner in which this stàte is attained^ that 
the diflerence consists^ 
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CHAP. IL 



ON DBN8ITY AND SPBCIPIC GRAVITY* 

13* Density is the quantity of matter cohtained in a 
given volume, which volume is commonly taken to be an 
unit of the whole ; so that in an homogeneous body the whole 
quantity of matter is equal to the volume multiplied into the 
density. ^ Thus, calling V the volume of a body, and D its 
density, the quantity of matter it contains is represented by 
V.D. 

Having no positive conception of that which is not matter, 
we can arrive at no definite idea of the précise qua/ntity of 
that which is. Whilst, however, it is thus impossible to 
attain to an accurate knowledge of the density of any material 
body, we may readily institute a comparison between the 
densities of differeùt bodies, and thus transfer such properties 
(dépendant thereon) as may be predicated of one to ail the rest. 

That body wiU be best càlpulated to form the standard 
of this comparison, which is of most common occurrence ; and 
between which and the rest the comparison is most readily 
instituted. 

Water possesses thèse properties iû a remarkable degree. 

The density of water, as conipared with that of any 
other substance, is' the spécifie gravity of that substance. 
Thus, calling D the density of any substance, and S its 
spécifie gravity : also, representing the density of water by D^ > 
we hâve 

2), 
B 



10 

Similarly, if D' and S' be the density and spécifie 
gravity of any other substance, 

A 

D^ _ s 

the densities of bodies are, therefore, as their spécifie gravities. 

Since tT ^ ^^ 

.'. D ^ S.B^i 
and F.D = *.F.D,. 

Npw, VD and VD^ are respectively the quantities of 
matter contained fn the body, and in an equal volume of 
water. The spécifie gravity of a body may, therefore, 
be defined to be the number of times the same volume of 
water must be taken, to contain the same quantity of matter 
with it, or the ratio of the weights of equal volvmes of the 
body and of water. And where S.V is made (as is some- 
times the case) to represent the quantity of matter, it is 
always to be understopd thaf; it dœs not strictly represent 
that quantity, but the voltmie of water which contains the 
S9me quantity of matter with it. 

14. If two bodies, whose densities are D and ZX, and 
v^ku^s V 9sA V h^ rmf^ t9^A^; andi the volume of 
the whole 6e the sum of the volumes of the parts; then, 
çafling &^ the density of the compound. 

Since the whoh qu^uitity of matter it contains, is equal 
to the sum dP the quantitiss^ of ma|t^ in the parts, 

2y'(F+ V) = r.D + r.D: 

or Z>i representing, as before, the density of water. 
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v.s + r.s' 



.-. 5"' = 



F + r 



S'\ s and aS" representîng respectîvely the spécifie gràvltlés 
of the compound and its parts. 

In ail efaemical combinations, the volume of the cotQ- 
pound is found to be other than the sum of the volumes 
of the component parts. The above theorem applies^ th^e- 
' fore, only to the case of mechanical admixture. 



CHAR III. 

ON THB EQUILIBRIUM OF FDUIDS ACTBB UPON BY GIVBN 

ACCELBRATINO FORCES. 

The property c^ the uniform distribution of pressure^ 
applied At the surface of fluids, belongs to their naitérej 
and is common to ail of them. Fluids, howeveri whose 
particles are acted upon by gravity, or other àcceleràting 
forces, exert, besides the pressure thus propagated from dieir 
surfaces, and uniformly diffused throughout them, a further 
pressure, dépendant upon their density and the magnitude 
of the forces impressed, and variable £tx>m one point in them 
to another. 

IS. To estimate the quantity of this variable forcé at 
any point in the fluid, it is conceived to be applied unilbrmly 
to an unit of surface. Throughout the following page», the 
pressure thus referred to an ^init ôf surface is représentée 
by p; and it must clearly be understood, that this symbol 
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is not taken to represent anj pressure actually produced by 
the fluid) but that which would be produced if the pressure 
on the point (or rather an élément at the point) under con- 
sidération, were uniformly applied to an unit. 

16. Let the irregular vessel MN (Fig. S.) contain a fluid 
acted upon by the constant force of gravity. Suppose the ' 
whole to be eut horizôntally by the plane jSX, and, the fluid 
being at rest, let its upper portion ML become solid excepting 
only the vertical tube PQ whose section is (A?). Then will the 
circumstances of the equilibrium and the pressure, on every 
point of the fluid, remain precisely as before, nothing having 
been added or taken away from the forces impressed. 

Now it is évident that the fluid in PQ is acted on by a 
moving force in the direction of gravity equal to its weight ; 
also since the sides of the tube are vertical and nothing is 
opposed to this force m the direction of its action, it is whoUy 
effective, and exert» its whole pressure on its lowest section. 
Now by (Art. 6.) this pressure will generate an equal pressure 
on an equal surface any where taken in the fluid KN. Also 
since the fluid in KN does not otherwise press upon the plane 
KL than as it communicates the pressure of PQ, (its gravity 
impelling it from that plane), it follows that this pressure i& 
the only force effective on KL, and on the fluid surface in 
contact with it, and, therefore, generally, that the pressiure on 
any portion of a horizontal section, is equal to the weight of n 
vertical column of the fluid, whose base is of the same area 
with it, and which reaches to the surface. 

Let mn he any other surface, KL and kl horizontal sec- 
tions through its highest and lowest points. Then is the 
pressure on mn, matiifestly greater than that on an equal 
portion of KL: and less than that on an equal portion of kl; 
and, therefore, the pressure upon it differs from the pressure 
on an equal portion of KL, by less than the weight bf the 
column Qq. If, therefore, the plane mn be taken so small 
that Qq may vanish when c^Tmpared with PQ, the pressure 
upon it will be accurately represented by the weight of PQ^ 
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aud, this is^ true whatever be thç form or position of mn^ 
the base of PQ being as before of the same area. 

Refer the pressure on mn to an unit of surface ; lét 2: be 
the depth, D the density of the fluid, and G the force of gravity 
for any value of %, then will the weight of the column PQ, 
when referred to an unit, be fDGd%y and therefore 

p=fDGdz 08). 

• 

17* It has been shewn that if the plane KL be horizontal 
the pressure upon every equal area of it is the same, and 
further, that it is the weight oiany vertical column whose base 
is equal to that area, and which reaches to the surface of the 
fluid. Hence, therefore, it appeared that the weights, and, 
therefore, the heights of ail such vertical columns are the same, 
Since, then, . the surface of the fluid is every where at the same 
height above the horizontal plane KL, it is itself horizontal. 

18. Similarly, if there be two fluids of diiSerent densities 
in the same vessel, their common surface is horizontal. For 
taking a horizontal plane in the lower fluid, as before, the 
pressure on every equal area of it is the same, and is equal to 
the weight of any vertical column extending from the plane to 
the surface. . Hence, the weight of ail such vertical odumns 
is the same, and theupper surface being horizontal, their height 
is the same, they must, therefore, ail contain the equal portions 
of the two fluids, and the heights of the lower columns, that is, 
the distances of the différent points in their common surface 
from horizontal plane must ail be the same, or their common 
surface itself must be horizontal. 

And, in the same manner, if there be any number of 
différent fluids contained in the same vessel, taking horizontal 
planes in any two adjacent fluids, it appears that since the 
pressures on equal surfaces, throughout thèse planes are the 
same, ànd equal to the weight of any of the superincumbent 
columns (taking the equal columns incumbent on the highèr 
plane from those on the lower), the weights of ail the columns 
between the two planes are the same, and their heights are 
manifestly the same since both planes are horizontal ; therefore 
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they contain ail the same quantities of the two fluids, and the 
distance of every point of the common surface of the fluids, 
from either plane, is the same. 

Thèse results follow at once from the équation (/3) ; from 
whenee it appears, that in every possible case of pressure, 
DGdx is an exact differential, and, therefore, D constant, or 
a function of z. When, therefore, % is constant, D is con- 
stant; or ail horizontal planes are of uniform density. And, 
when p is constant, (as at the surfaces of fluids) « is constant ; 
or the surfaces of fluids are horizontal. 

19* From the above it appears, that the common surface 
of the atmosphère and any fluid on the earth^s surface, is 
horizontal: and further, (the air being of variable density) 
that the différent layers or strata of air in différent states 
of density, are disposed horizontally, and parallel to each 
other. 

« 

On the Equitëbrium of a Fluid in a System of 

commimicating Vessels. 

20. It has been shewn to be a condition necessary to 
the equilîbrium of a fluid acted upon by gravity, that, being 
intersected by a horizontal plane, the pressure on every por- 
tion of that plane should be the same. And the démonstra- 
tion of this proposition obtains, whatevet be the form of the 
containing vessel, provided only the parts of it communicate, 
so that the fluid may be, in any direction, continuons. 

Suppose two vessels to communicate by means of a tube 
or common aperture, and let a fluid be poured into one of 
them. When the whole is in equilibrium, let it be intersected 
by a horizontal plane; which is, therefore, one of equal 
pressure. Now, the pressure on ev^y unit of this plane is 
the weight of a superincumbent column of the fluid, together 
with a superincumbent column of the atmosphère above it: 
anà taking the atmospheric pressure to be the same over 
every unit of the surface in both vessels, it foUows, that the 
weîgfats of the superincumbent columns of the flnid^ or their 
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heights^ are the same. The surface, therefore, of the fluid 
is at the same distance from the same horizontal plane or 
at the same level, in both vessels. 

21. If the pressure of the atmosphère, or any part of 
it, be removed from the surface of the fluid in one of the 
vessels, remaining as before, over the surface of that in 
the other, the equality of pressure on the horizontal plane 
we hâve taken, wiU be destroyed; and the conditions of 
equilibrium no longer obtaining, that surface which sustains 
the less pressure will ascend and the other descend, until 
the equilibrium is restored by, the lesser pressure of the at- 
mosphère on an unit of the former surface, added tô the 
weight of the increased column of fluid ; equalling the greater 
pressure on an unit of the other surface, added to the weight 
of the diminished column of fluid. 

Thus, (Fig. 25.) if p represent the pressure of the at- 
mosphère on an unit of the surface A, and p' on an unit 
of A': and BB' be any horizontal plane. When the fluid 
is at rest, 

p + weight AB ^ p' + weight A' ff\ 
.-. jp = jp' -f weight A'A'\ 

If the pressure of the atmosphère be wholly removed from 
the surface A'j that is, if jp' = 0, 

p 5= weight A* A". 

The surface of the fluid in oœ vessel may thus be raised 
above that in the other, until the weight of the column raised 
is equal to the pressure of the atmosphère on a portion of 
the other surface, equal to its base. 

22. If the fluid in AB be not of the same density with 
that in ÂB!, it is clear, that in order to préserve the equality 
of pressure on the plane fifi', we must hâve 

ABx D^Yff'x D\ 
or IB = Â!B. a\ 
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where D and If are the densities of the two fluids, and <r 
the ratio of their spécifie gravities. 

Ex. 1. Given quantities of différent fluids are contained 
in a circular tube ; it is required to détermine their position 
of equilibrium when at rest. 

Let EQ (Fig. l6.) be the heavier fluid, and FQ the lighter. 
rads=i z£CQ = a /.FCQ^^i 



.'. ME' = MF'. 9. 
Let ÂP = AQ-Q', 



.: ME' = C08 — cos (a — 0) 



MF' =œs9~ C08 (jS + 0) ; 
.'. {co8 d — cos a cos — sin a^sin d} 
= {cos 9 — cos /3 cos + àa ft àa.6} <t; 
.'. |l— cos a— sin a. tan 6} = {l — cos j3 + sin /3 tan 0} <r; 

.^^^^(l-cos«)-(l-cos3)o- 

sin a 4- 0- . sm p 

Ex. 2. Equal quantities of two fltdds, the ratio of whose 
spécifie gravities is represented by cr, are contained in a 
cycloidal tube. To détermine their positions of equilibrium. 
Let EP (Fig. 7.) be the heavier fluid, and FP the lighter. 

BF'=:a BE'^œ^ BP^œ^^, 

length of each arc PE and PF = f^9,al\ 

or œ^ + a?* = Z* ;...........(!) 

« 

Now, • P'jET = PF' . (T, 
or a? — a?^, = (a?^— -^Jo*; 



,-. a?.. = — ^— 



l-(7 



T7 

Aiso, sînée PF = PE; 



or ^tJ^ — a7^* = 2â?^^| 



Tiri-) («) 



eliminating between the équations (l) and (2), we obtain 

J6\l+<r/ V leVl + tf/ 



CHAP. IV. 

ON TBB ^itsasams eedstainbd mr thb subfacbs or rmssKijS 

33. ScNCEy if an iqperture be any wliere made in tbe 
ndes of a Kessel cobtaîniDg fiuidy acted on by gtatity, tbe 
fluid wîll escape; it is clear that the surface of the vesset 
every where sustains a certain pressure. 

24. A surface can sustain no pressiire, exc^t in the 
direction of lis normal. 

SS. The internai pressure on the coats of a vessel, when 
^lled to a certain depth with a fluid acted on by gravi ty, 
k tbe tsBxast^miàis the cxtemal pressuiKF upon it when wtmersed 
m tfa& saone fluid to* tfie Mime deptb«. For the pressure aot 
an élément, in eitfaear case, niequal to the wi^^t of a vertical 
column, whose base is of the same area with the élément, 
and which extends to the surface of the fluid. Now this 
column is manifestly the same in either case. And. this 
being tnie for every élément of the surface, is true for the^ 
whole. 

C 
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26. Hence it appears, that if a vessel* be whoUy im- 
mersed, and fiUed with the fluid in which it is immersed, the 
pressures (sèveraUy and' in the whole) destroy, and hâve no 
tendency to alter its form. And thus, although the actual 
pressure of a fluid (as, for instance, that of the atmosphère) 
be considérable, it has no tendency whatever to alter the 
form of a vessel, however fragile, which is wholly immersed 
and filled with it. 

27. Hence, also, if a vessel containing one fluid be im- 
mersed in another, the pressure sustained by that part of its 
sides which is in contact with the contained fluid, and tends 
to disturb its form, is equal to the différence between the 
actual pressure of this fluid, and that which would hâve 
been sustained, had the vessel been filled, to the same depth, 
with the fluid in which it is immersed. 

28. The pressure, therefore, of fluids on the sides of 
the vessels which contain them, is not materially affected by 
the immersion of the vessel and 'fluid in the atmosphère. For 
the actual pressure differs frôm that in vacuo, by the pressurcf* 
that would be produced by an equal quantity of air contained 
in the vessel. And in ail cases where the former pressure 
is appréciable, the latter may be neglected, as compared with 
it, 

29. Since the pressure on any élément of the sides of 
a vessel containing fluid, is equal to the weight of a vertical 
column of the same fluid of the same depth, and whose ho- 
rizontal section is of the same area, it appears that the pressure 
on the lower parts of it is greater than that on the higher, 
in the proportion of their depth. 

Since the qimntUy of any màterial is a principal dément 
of its strength, it is dear that the lower parts of vessels 
should be of greater thickniess than . ihe higher. 

^^— — ^— ^i— I 11 Il m^-^m^ I II II ■ ■ I » I ■ 

* No account is hère taken of the thickness of the vessel. 

f The pressure hère meant is that which arises sîmply from 
the tveighl of the air Considered as a liquida and is independent 
of its elastîclty. 
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If the strength of the material be taken to vary directlj 
as its quantity, and any portion of tbe containing surface 
of a vessel be a plane, of which AB (Fig* 5.) is a vertical 
section, then JIA' being the surface of the fluid, and P 
any point in ABy draw PN perpendicular to it, and let 
PN be the thickness of the containing substance just neces- 
sary to sustain the. pressure on P. Draw AC through N; 
then CAB will be a vertical section of the vessel, when its 
thickness is precisely that which is requisite to support the 
fluid it contains. For taking any other point P, and drawing 
P^M' and -P'JV' respectively paraUel to PM and PJV, we hâve 

pressure at P __ PM 
pressure at P Pjlf ' 

strength at P _ PN 
strength at P' "" FÎT " 

PM PN 
^* P^M'^FN'' 

pressure at P strength at P 
pressure at P' strength at F ' 

but pressure at P = «strength at P ; 

.'. pressure at P' = strength at P'. 

30. Having given the interior surface of a vessel of fluid, 
to find what must be its exterior surface that the pressure 
on every point of it may be proportional to its strength, this 
last being taken to vary as the quantity of material in the 
direction of the pressure. 

Suppose the interior surface, one of révolution about a 
vertical axis, and let BAQP (Fîg. 6.) be a section of the 
vessel made through this axis. Take PQ a normal to the 
interior surface at P; draw PM and QN perpendiculars to 
the surface OA of the fluid. 

Let OM = 07, PM = y, 

ON = X, QN = K. 
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Tben, since tbe pressure is in the diriectioa of PQ, and 
•varies as PM^ and UÛt the strength is by hypothieus» as PQt 

PQ oc y <^ mtf; 

.'. (X-a^)«+ (r-y)*=«»y...., "... (1). 

Alao, (X " »y tn (y :^ Y) tàa PQIf 

=t (j, ~ Y) taa MPlr 

«(y-n^^ .......(2). 

Now, sînce the curve BP !s given, we hâve 

fa>p = o (3). 

And eliminating œ and y between thèse three équations, we 
obtain an équation in JC and F^ to the curve by the révolu- 
tion of which about the axis c^ the interior surface the exterior 
is described. 

Since the perimeter df eyery horizontal section of a surface 
of révolution varies as thé corrdidpdnding ordinate of the ge- 
nerating curve ; since i^so the pressure upon every point of 
it varies as the abscissa, it foilovs that the presfture on every 
such section will be the same, if the product of the ordinate 
and abscissa of aie generâting curve be a constABl quantity. 
A known property of the rectangular hyperbolar— an asymp- 
tote being takeh for the axis of the abscîssœ. 

Si. Let £!^S be ûtt elettiétft of the sfttrltee af a Véssel, 
p the préëMiré on tmj pdbit ifi it referréd to EU unit ùf 
surfaeêr Their, if we cicmàidér the pressdlre^ia he the 0am& 
&3ft erery pm!^ in A«y, It wîll be tepreàented by p . AS, anâ 
that on the whole surface by Sp. A<y. But thé" pressutfe' 
varies from one point of the yessel to aaother^ however near 
they may be to each other; the piwssure is, therefbre, nat 
the same for every point in A^S'^ and ^p . £^S does i^ot re-^ 
présent the true pressure on the sides of thevesssl, but con- 
tinually approaches it as AS diminidies^ . attaining it tox no^ 
finite value whatever of that quantity. The true pressure, 
therefore, is repteseitted by 

fpdiki^ V •*.... ('y). 
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If the lidâ bé ifacompressiblé^ and the force be fhat of 
gravity^ oonsidered ibis constant) 

z Ibeing measured £rom the surface; 

.-. pressure = DgJ*xdS> 

Now, if z^ be the distance of the center of gravity of the 
surface, or aoy portion of the surface of the vessel» from the 
norizontal surface of the fluid» we hâve 

S .z^ =J'zdS; 
.*. pressure = D.AÎ.^^îfi., (5). 

32. Hence, therefdre, the pressure on the surface, or 
any portion of the surface of a vessel containing fluid, is 
equal to its weight, s^upposing ît of the same density with 
the fluid, multiplied by the perpendicular depth of its center 
of gravity below the h(»izontal surface of the fluid. 

33. If, in addition to the weight of the contained fluid, 
a force Pg be made to act upon it by means of a piston 
pressing on a surface S\ the pressure on the re^iainder 
becomes 

I 

34. If the portion of the vessel on which the pressure 
is required to be determîned^ bé an h<»rizoûtal plane, as, for 
instance, its base, z^ will represent its depth. And the ex- 
{)ressîon DSgz^ wîïl be the weight of a vertical cylinder or 
prism of fluid coritinued from its base to its surface. Now 
thîs ÎA true whatever be the form of the other part of the 
vessel. Vesseb, therefore, of whatever form, when filled to 
the. same height with fluid, exert the same pressure on their 
bases, provided those bases be planes in a horizontal position, 
and of the same magnitude. And this is true whatever be 
the positions of the bases, provîded the vessels be filled ta 
the same height {z^ above their centers of gravity.* 

« V I lit I iii4*4^ti >■! > > '^ i^^»^— ^ | -H li> l»i> i l» H it *ii »!*■■ « nn tiai m iti.'ii j i , ■ ■■ 

* That is, tfié centers of gravîty of theîr bftses. 
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• 

35* It is manifesta that if a vessel be wholly immérsed 
in a fluid, and made to revolve about its center of gravity, 
the pressure on its surface, whether intemally or extemally, 
will remain unaltered, ail the tenhs of the expression D . S .g«^ 
continuing the same. 

36. Of curvès, whose length and the positions of whose 
points of suspension are given, the center of gravity of the 
catenary is the lowest; and therefore the pressure upon it^ 
when fiUed with fluid, is the greatest. 

37* If the surface be referred to three ca4>rdinate planes^^ 
generally, 

dœdy 



dS = 



vW^W^' 



pdmdy 



• ♦ 






in the case of gravity, 

xdwdy 






pressure =7^ 

dy. 
On the Center of Pressure. 



38. If a plane surface sustain the pressure of a fluid^^ 
forming part of a vessel which contains, or is immérsed in 
it, or otherwise ; since the varions pressures on différent points: 
of the plane are perpendicular to it, they are parallel to one 
another. The point where the résultant of thèse parallel 
forces cuts the plane, is called its center of pressure^ and is. 
manifestly that point to which^ if a pressure equal to the whole 
pressure on the plane b& applied in an opposite direction, it 
will sustain it, and hold the plane in equilibrium. 

Conceive the plane (Fig. 8.) to be produced to the surface 
of the fluid, and- take its intersection with that» surface for 
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the axis of (gf),.and.a Une perpendicular to this drawn in 
^he plane itself for the a;Kis of œ. 

Now, generally, if œ^ and y^ be aM>rdinates of the 
point where the résultant of any number of parallel forces 
applied to a plane perpendicular to their common direction, 
intersects it, and <r, y be co-ordinates of the point of inter- 
section of any one of the forces {p) with the plane, we hâve 



œ^ = 



yi = 



2p 

2py 



2jp 

In the case in question, the force jp, or the pressure on 
any élément of the plane is the weight of a column of fluid 
of the same depth, and whose base is equal in area to the 
élément. The pressure {p) on the élément dœdy is, there- 
fore, Dgœ sin Qdœdy^ 6 being the inclination of the plane 
to the surface of the fluid, and therefore œ àa 6 the depth 
of the point œ, y. Hence, therefore, substituting for (p) 
its value, we hâve 

^ ffDgo^ sin Q.dœ ,dy ^ jjDœ^dœdy^ 
' ^ "* ffDgœ sin O.dœ.dy "" JfDxdœdy / ^ 

JfDgOËy sin ddxdy ^J[fDœydœdyC 
^^ ^ JfDgœ sin Qdwdy JfDxdœdy ) 

If the density be constant, thèse résolve themselves into 

fjof'dydœ J*aFydœ 
^ "" Jfœdœdy J'xydœ 



SJciyàydx _ , fxjfda 
^^ "" Jfœdœdy '^^^ fœydœ 



> (D- 



39. The former of thèse expressions coïncides with that 
determining the distance of the center of oscillation or per- 
cussion of the plane from the axis of (y), supposing it to 
revdte about that axis. Hence, therefore, it appears, that 
if the plane be symmetrical about the axis of œ^ its center 
df preeùsure and its centers of oscillation and percussion, when 
made to revolve about the axis of y^ coincide: 
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40. If we measui'e w from a pmnt £, distant by EO 
( = ft), from the intersection of the axis oî » with the surface, 
the equatipn bicornes 

' y («^ + kœ) ydx 



w 



^ fiP'\-k)ydx 
^ f{x + k)fdœ 

In the case in which AD and BC converge towards CD^ 
k must be taken to represent the distance 06, so that OM 
will be represenîted by fc— a?; and we shall hâve for the gê- 
nerai expressions 

41. The quantity d Is eliminated from ail the above 
expressions \ whence it appears that, k remaining the same, the 
position of the center of pressure on the plane is not affected 
by a variation in its inclination to the horizon, and will, 
therefore, remain the same, if the plane be made to revolve 
through any angle about O as an axis. 

42. If we make k ?= infinity, 

which are the known expressions determining the position 
of the center of gravity. Hence, therefore, it appears, that 
as the plane is sunk deeper in the fluid, its center of pressure 
continuatly approaches its center of gravity; which point, 
however, it never accurately ooincides with. 

The center of pressure lies below or above the center 

^ . ,. fa^ydœ -f k fœydos fœydw 

of gravity, according as ^m . ■ *: .. .. *^; . 'i;» — > or < ^^ ■.. . - . ;> 

J atydœ + kjydx Jydx 

that is, according as (Jou^ydw) {J^ydw) > or < {fwydœyi 
which expression being independent of A;, it appears, that if 
the centre of pressviire be in any one position belpw the centre 
of gravity, it wili in every other. 
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Ex. 1. Suppose the plane a trapezoid, of which the pa- 
rallel sides AB and CD (Fig. 9-) are horizontal, produce * 
the plane to meet the surface of the fluid in Oy, and the 
sides DA and CB to intersect one another in F. Draw 
OFœ perpendicular to AB and CD ; then is it also perpen- 
dicular to Oy, since Oy said BA are both horizontal and in 
the same plane, and therefore parallel. Draw PQ parallel 
to Oy, and let it be represented by y: let EM^=^x, OE = kj 
AB — ay CD:=^a\ EG^h, 



.-. by tt^. 


FE + œ y 
FE "a' 


œ y 
FE a 


« 


FE + b a 
FE "a' 


b a' 
FE a 


Hence, 


y _ 

œ a 


l 


b o' 


. 1 




a 


I 



V «» /a \ 

• - =7 ( l) + 1, 

a b \a / 

œ (a' — a) -f o6 

y = . 

Substituting, therefore, for y, its value in the équation (1), 

fÇjv^ + ka){ab '\'w(a' — a)}dâp 
^ /(^ + A) {o6 + a? (a'— à)} dx ' 
and taking each intégral, from <» =. to a? = 6, 

ab {^V" + \W) 4- (g^~ à) (jb^ -f i^6^fc) 
^' ■" ab (^6^ + ftft) + (a! - o) (^6^ + ^6«ft) 

_ o (46* + 6kb) + (a - a) {s¥ + 4 ÔA?) 
"^^ ■" 2o(36 + 6&) + (/^ayÇ^bVèh) 

b^(3a + a) + 6fc(4g' 4- 2g) 
"^ b (*a + 2a) + A? (6a -f 6a) 

6 (3a' -f g) -f 2A;(2a' -f g) 
"^ ^^ 6(2a' + «) + 3&(a'+ a) ' 

D 
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Whefi Ap 8= 0, or one side of the plane coincides with the 
surface, we hâve 

, , Sa '\- a 

If a or a equal 0, the trapezoid résolves itself into a 
triangle, with its vertex in the one case upward, and in the 
other downward, and we hâve 

when 6 = 0, thèse become 

•J^i= %hy or a?i= ^6. 

If a^ = a, or the trapezoid become a parallelogram, 

- 26 + 3A? , , ^ g - 

/r, r= 4-6 . : or when Ap = 0, j? = -fo. 

^ ^ 6 + 2A; ^ 

When /ir=oc% 

2a' + a 



07, = ^6 



a + a 



which is the known expression for the distance of the center 

of gravity from the side AB of the trapezium. It appears, 

therefore, that as the plane descends, the center of pressure 

continually approaches the center of gravity. Also^ since 

the whole distance through which its position varies, as the 

side ÂB descends from the surface of the fluid, is repre- 

sented by 

. Sa ■\- a 2a' + a 

*6 — -, *6 — -, , 

^ 2a'-h a ^ a -f a 

1 , a'^ -f 4»a a' + a* 
^ ' (a + a) (2a' + a) ' 

which is a positive quantity; it follows, that the center of 
pressure is always below the center of gravity, to whatever 
depth the plane be sunk, and lies between that point and 
the point determined by the équation 

— 17» 3a' -f a 

^ ^ 2c' -f a 
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It remains now to détermine the distance of the center 
of pressure from the axis Ooo, I^et MP = my^ MQ =■ ny. 
Then, recurring to équations (e), we hâve 

^JjTfydwdy 
'^' ffœdxdy ' 

The first intégration, performed with respect to y, mu^t 
be taken from y= —my to y=^ny, Hence 

n^'—m^ f(cy^dœ n — m J\xy^dœ 
^ 2(n-|-m) Jxydx 2 J*xydw 

Substituting for y^ and integrating from â? = to œ^h^ 

n — m h {Sa^ -f 2oo' -f a*) + 4A; {a!^ + aa! + o^) 
^^ "" 4~ * fe(a-f 2a') + SAp(a-f a') * 

Let a = O9 or let the figure become a triangle with its 
vertex upwards; 

n — m 36 -f 4/p , 
^* 4 20+ SA; 

Let a'=:0, or let the figure be a triangle with its verteic 
downwards. Tfien, changing the sign of 6, 

n — m 4tk — b 

In either case of the triangles, the motion of the center 
of pressure, as the figure descends, is in a right Une, passing 
through the vertex, and inclined to the perpendicular EG 

t 1 ' Vi n — m a' , ^ 
at an anscle whose tancent is — or . -- m the case of 

1 1 ^i n — m a , ^ 

the vertex upwards, and or . •- m the case of 

^ b — Wi 2 6 

the vertex downwards. It consequently bisects DC* 

Let it be required to détermine where a single hoop 
must be fixed to hold together the staves of a barrel fîlled 
with fluid. The staves being supposed to be similar, and 
cach to présent a plane surface to the fluid, and to revolve 
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freely about the hcx>p, it is clear • that the hoop must pass 
through the, center of pressure of each stave. Its. distance 
from the top of the barrel will, therefore, be determined 
by the équation 

, _ 3a' + a 

(a) and (af) being the lengths of the two ends of a stave. 

Or if (a) be the ratio of the circumferences of the upper 

a 
and lower ends of the cask respectîvely, since — = a ; 

a 

* * 2 + a. 

If the vessel be an upright cône, a = 0, and a;^ = ^ 6. 
If ît be an.inverted cône, a = oc^, and œ^ss ^b. 

.If the staves be prevented revolving inwards by the bottom 
of the cask, the hoop will be best placed when nearest the 
line of pressure, but must not be above it. 

Ex. 2. Suppose the plane a parabola. Hère, taking the 

origin ,at the vertex, y = c^a?. Substituting, therefore, in 
équation (l), we hâve 

J*{œ -f k) tjx . dœ 



œ, == 



3 



f{œ^ f kx^) dx 



7 5 

2 '2' , 2 . "2- 
T^ -h g «a? 

» 

» s 

^x H- ^kx 



taking the intégral from to a?. Hence, dividing by |crl, 

|a?.+ k 



a?i = a? . 



œ + lk 
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When * = 0, or the vertex of the parabola touches the surface 
of the fluid, 

-^ — «^ 

i 

When ft= oc'y, or the parabola is plunged to an infinité depth 
in the fluid, 

Hence it appears, that to whatever depth the parabola 
be sunk, the center of pressure always lies below the center 
of gravity, and that its position varies between that point and 

a point distant from the vertex by -***• of the axis, as the 

parabola descends. 

■Ex. S. To find the center ôf pressure of the quadrant 
of a circle, the diameter coinciding with the surface of the 
fluid, 

^ fyœdœ J'œ {a^ — oF)^ dœ * 

dP 

Let P = a?(a^-.a?«)»; .-. — = (a*- a?«)f- 3a?Va«- a?^* 

dœ 

4 4 

n 

CL" 

-f — . cir(;plar area {cos {jv) rad (a)} + C. 

4 



Now, C= O; 

/. yo?* (o' — aP)l dcT = ^^ , when w = a, 



Tra* 



16 
and fœdœ^a^-x^^ - ^(a^- i')'+ C = -; 

^ 16 
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^^' ^* ~ * fxydœ ^ 'z/x {a' - x')\ dx 



= i __lf!f!i:if! 



80' 



a 



= — - , when j? = a, 



3 



2 a 



= |«. 



O» /Ae Resolution of Fluid Presatirey and the Center 
ef Pressure m Curved Surfaces. 

43. Let G (Fig. 10.) be the center of gravity of an 
elementary area JT, forming any portion of the surface of 
a vessel sustaining the pressure of a fluid in which it is im- 
mersed, or which it contains. 

Let the area K be supposed a plane. Draw GN per- 
pendicular to the surface of the vessel, and GM to the 
surface of the fluid, and let them meet this surface in N 
and Jtf. Let / be the inclination of GN to the surface of 

the fluid: then is ( -— /j the inclination of the area JT, 

which is perpendicular to GN. Now, the pressure of the 
fluid on K is perpendicular to its surface, or in the direction 

GN, and equal to D . g . GM . K. And of this force, that 

which is effective in the direction of gravity, is D . g. GM . K 

sin /. But JT sin / = JT cos ( / j = JT . cos of inclination 

of K to surface of fluid = projection {K') of K on the surface. 
Therefore the whole pressure on K in the direction of gravity, 

is represented by D .g * GM . JT', or it is equal to the weight 
of an immediately superincumbent coluran of the fluid. And 
the whole pressure upon the vessel in the direction of gravity 
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is représentée! by the sum of such columns. And this is 
true, however small the planes (JT), and therefore the su- 
perincumbent columns be taken, that is, however near their 
sum be made to approach to a volume of fluid superincumbent 
to the whole surface of the vessel, or extending from it to 
the surface of the fluid. 

44. That is, in the case of a vessel containing fluid, 
the vertical pressure is equal to the weight of the fluid 
contained: in the case of a body immersed in fluid, it is 
equal to the weight of the fluid displaced. 

46. Let K'' be the projection of JT on a vertical plane 
anywhere taken in the fluid; and let the projecting siirface 
be contînued to intersect the opposite side of the vessel in k, 
then is K" the . common projection of the surfaces K and k. 
Now, it may be shown precisely as in the last case, that 
the pressures on the surfaces K and A?, perpendicular to the 
plane of projection, are each equal to the weight of a column 
of the same height with their common depth GJtf , and having 
for its base the common projection JT". 

Thèse pressures are, therefore, equal to one another; 
and being applied to the vessel in opposite directions, they 
degtroy. And the same being true for ail other portions 
of it, rsimilarly taken, it follows, that ail the horizontal pres- 
sures estimated in directions perpendicular to the plane of 
projection, occur (at the same perpendicular depth) in pairs, 
which mutually destroy: and hence that, not only hâve they 
no tendency, on the whole, to cause motion in the vessel 
perpendicular to this plane ; but farther, that their momenta 
about a horizontal axis parallel to it, severally vanish. Ail 
the conditions of equilibrium, with regard to the plane of 
projection, are therefore fuUy satisfied. Now this plane is 
any vertical plane whatever. Motion does not, therefore, 
take place perpendicular to any such plane, that is, in any 
horii^ontal (Érection whatever. In whatever position, there- 
fere, or to whatever depth a body be immersed, the pressure 
of the fluid has no tendency whatever to communicate to it 
a latéral motion. 
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46. Suppose the portion k of the vessel to be removed. 
The horizontal pressures will then, as before, destroy, with 
regard to the rest of the vessel, but on K they will be wholly 
effective, k is hère taken as an indefinitely small portion 
of the surface. Let it be the élément of a finite portion 
which is removed; then will the sum of the pressures on a 
portion of the vessel which has the same projection with the 
portion of it removed, be wholly effective on it in a direction 
perpendicular to the plane of projection. 

Example. Let it be required to détermine where a square 
aperture must be made in the side of an upright prismatic 
vessel. of fluid, that it may just be overtumed. 

Let pq (Fig. 14.) be a portion of the surface, of which 
the aperture PQ is the projection. Then will the pressure * 
sustained by the portion of surface removed from PQy be 
wholly effective on pç, and will be the whole effective force 
on that surface. 

Let w^ be the distance of any point (m) in PQ from C 
Take PQ = o,' CP = a?, AB ^ h, CA = r. Therefore the 
pressure on an unit at m = Dg {h — .r J. 

Momentum of the pressure on PQ or ow pq about A^ 

= - Dga \{\h{w-^ ay^œ''}^\{{x -f a)'-^'} \ ; 
taking the intégral from a?^= a? to a?^= a? -f a, 



= Dga^ 



aar -f a^œ H ahœ -^ - — > . 



3 2 J 



Now, in order that when the aperture is first made, 
there may just be an equilibrium, this momentum must 
equal thât produced about A by the vertical pressure of thé 
fluid. 
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Càlling, therefore, the base of the vessel (A), we hâve 



a "h kbc à 



3 



.-. a^ + a —-,27=^—- — • , 

( a-b\ ./ g/ a-6\^ Skbc^9,a^ 

.-. a? = — a 1 r ) + V ^ l — ^— r 1 H h '- • 

X^a — b/ - ^ \2a-6/ 3o(2a — 6) 

47. The center of pressure of the whole of any surface 
sustaining the pressure of a fluid, is detennined by the inter- 
section with that surface of a vertical line, passing through 
the center of gravity of the solid contained by the part of 
ît immediately in contact with the fluid. For it has been 
shewn that the vertical pressure of the fluid is identical with 
the weight of such a solid; its résultant passes, tWefore, 
through the center of gravity of that solid. Also the hori- 
zontal pressures destroy one another ; the whole effective force 
is, therefore, the vertical pressure, and an equal and opposite 
pressure applied to the body anywhere in the direction^ of its 
résultant^ will sustain it. 

Hence, therefore, if a force equal to the weight of the 
fluid contained or the fluid displaced, be applied to the 
point where the vertical, through the center of gravity of 
the fluid contained or displaced, intersects the surface, it 
will sustain the body at rest. This point is the center of 
pressure. 

48. Hence, it appears that if the surface sustaining the 
pressure of a fluid be symmetrical about a vertical axis, the 
intersectioh of that axis with the surface will be its center of 
pressure; and if that point be supported, the whole will be 
in equilibrio. Thus, a surface pî révolution containing a 
fluid will be sustained by a horizontal plane, if placed on 
its vertex, &c. &c. 

49. Let ABCD (Fig. 24.) represent a vertical section 
of a vessel containing a fluid in equilibrium. 

Suppose a portion of the surface (projected in AD) to 
be curved vertically^ so that each horizontal section may be 

E 
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a strftigllt line (X) perpendicular to ASCD. It ii reqvned 
to find the magnitude and direction of the résultant of the 
forces on AD, tending to cause a motion of translation pa- 
rallel to the plane ABCD. Take Oxj Oy, 0«, rectangular 
axes. Let m^y^K he co^rdinates of any point. Now, calling 
ds an élément of the curve AD^ dœds is the corresponding 
élément of the surface, and Dgadadê represaits the normal 
pressure upcm it. Now, the normal makes irith the vertical 

dy 
an angle, whDse tOBs^s — . Hienfore, resolved in the di- 
rections of » and y^ the elementary pressures are respectively 

Dgndady and Dgssdœdss. 

Calling, ther^ore, «; and y^ the distances of the résultant 
of the vertical forces from the planes zy and xa^ and ûf^ and «^ 
the distances of the résultant of the horizontal forces firom 
the planes »y and œy^ we hâve 

JTzxdœdy 
• ' Jjzdœdy 

^^zydœdy _ f\zydy 
^''^ ffzdmdy ~ /Xtrd, ' 

Jfxœdâfdz 
^'''^ Jfmàœdx ' 

Jfs^dwdz ^J'Xz^d'x 
''^ Jfzdwdz "~ JXzdz * 

The forces on AD aire, 'thetefore, équivalent to two, 
acting patallel to the plane ABCD^ one at the distance m^ 
from that plane in a vertical direction, and the other acting 
at the distance œ^^ horizontally. Unless, therefore, a?^, = ^,, 
or the directions of thèse forces be in the same plane, no single 
force will sustain them and hold the System in equilibrium ; or 
the pressures caimot be reduced to a single résultant. The 
résultant is represented by 

Dg[{f\zdyf + {f\zdzY\i. 
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f 

Th» ço-curdinatos of a point in it are x-^ y^j and tr^, deter- 
mined above; it is in a plane parallel to ABCDy and its 
direction makes with the vertical an angle» nrhoae tangent is 

fXzdy 
f\%dz 

It is to be observed, that the résultant determined above 
does not repres^it a force équivalent to aU the forces impressed 
upon the surface AD^ but to those only which tend to produce 
a motion of translation parallel to AJSCD> 

50. Let us now consider the case in which the curvature 
is hoHstont^l, and eacb vertical section a straight Une. 

Conceîve APB (Fîg. 26.) to be any horizontal section of 
the vessel.* The normal pressure on an élément at P is re- 
presented by Dgxdzds^ (de being an élément of the curve 
AB). Resolving this in directions parallel to the planes xœ 
and zy^ it become$ 

dy dw 

Dgzdz .da,-— and Dgzdz . da . -— , 

ds ds 

or Dgzdz . dy and Dgzdz . dw. 

Taking, therefore, y^ and z^ for the distances of the ré- 
sultant of the forces parallel to zw^ £rom the planes Z0 
and o^y respectively; and âf^, z^, for the distances of thé ré- 
sultant of the forces parallel to zy^ from the planes zy and 
œy, we hâve 

_ f/%ydzdy 

^' "■ J-f^dzdy ' 

ffz^dzdy 
Jfzdzdy ' 

fjzœdzdi9 
J^zdœdz ^ 



z. = 



œ. = 



z.. = 



ff^dzdx 



" "" Sf^àzdw ' 
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Now thèse résultants act in pàrallel (horizontal) planes 
and their directions are at right angles to one another. The 
System cannot, therefore, be sustained by any single force,- 
unless x^ = % , 

By integi:ation wexget 

'^ fz'dx ' ^'^ fz'dy' 

J*yz^d% J*œz^d% 

' fyzdz ' " J'xzdx 

Now, by the nature of the surface, œ and y are indepen- 
dent of Jîr; 

yfs^dz œjsrdz 

' yj*zdz * " wfzdz 






The surface being taken from the Une of its intersection 
with the plane zy, Oy being represented by (fc), and the 
pressure being supposed to commence when isr = a. 

Ex. To find at what depth an aperture JVB, of given 
dimensions, must be made in a cylindrical vessel of fluid, 
that the effect to turn it over may be a maximum. 

Let h be the whole depth of the fluid. NP = A;, PB = a, 
depth of P^z\ therefore, the height of the center of pres- 
sure of NB above the base of the cylinder is represented by 

also the depth of the center of gravity of NB = (z-^^k); 
therefore, the pressure upon it is represented by ka (z — -^k) 
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and the momentum tending to cause the body to revolve 
upon its base 

= &a(^-iA;)|/i-| ^^^^^ |=max; 

.-. A (2i2f — A;) - f (3%" — Skss -h k^) = max ; 

.-. 2A — 45? + 2A; = 0; 

.-. jîf = 1(A; + A). 

We shall now take an ewample of the more gênerai case 
of the center of pressure in curved surfaces. 

» 

A sphère Jilled with water is divided vertically into two 
hémisphères: required the position and magnitude of the 
latéral forces which shall just prevent their séparation, 

Let (a) be the radius of a sphère, (Fig. 30.) O its center, 
and (tt?, y, %) the co-ordinates of a point P, in its surface. 
O being the origin, and the plane wy being horizontal. Now, 
the pressure on an élément at P, resolved in a direction perpen- 
dicidar to the plane zy^ is equal to the weight of a column of 
the same depth with that point, and having for its base the pro- 
jection of the élément on %y; it is therefore equal to the weight 
of the column (% + a) dxdy. Similarly the pressure resolved 
perpendicular to œy, = the weight of the column (% + a) dœdy, 

Calling, therefore, z^ and off^ the distances of the résult- 
ants of thèse parallel forces from the planes^^ and xy respec- 
tively, we hâve 

Jjfx . (» + o) dxdy _ Jf{% + a) aidcody 
* ~ JT(z + a) dxdy ' * JJ^i^ + ") dœdy ' 

Jf{x^ + ax)dzdy =/ {J »" + i ««* + c] dy, 



=/ 



dy, takenfrom zz^-^^a^—jf 



to z= + sjo^ — y^^ 
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wa 



= , taken from y s= ^atoy^a; 

4 



j[jC(% + à) d%dy =y* { ^«* + a« + c\ dy, 

— hjof—^ to « = + ^o*— y*, 



= 9ra' taken from 9= —a to s( = a; 



• « ff 1 ^"^ 



' 4ir«» 



= i.. 






=/{ 



a(a«-.y«) 



•J(a^ — y*)*vdy, taken 



froni â?«0 toa?sBs^a^— y*, 



aa— + ,,^ , taken from y= — a to y = a. 
Jf(x + a) duody ^jf \a + >/a*-ar«-y-} da?d^, 
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-/{«.+^V?t:^=?-»-^x 



sin"* /===== 4-cvdy, 



œ 



=/<a^/«*— y' + - ^ — -làffj taken firom 



^ = to <?=j^a*— y% 



— —j taken from y= — a to y=A; 



9o* iro* 



*i =«= ; — =a< — + — > 

57rg^ t^TT 20 5 

"1~ 



vM 



Alio the résultant =t y (^V 4. (^«s^b ^ f[^' a/6i 




Now, this résultant of the forces parallel to the axes of 
X and Wf is equal to the whcde pressure effective in s^arating 
the hémisphères; and it manifestly acts in the plane «Wj 
since the surface is symmetrical about that plane. Take, 
therefore, in the plane zw, a point determined by the co-or- 
dinates »^ and x^ . The intersection of the surface of the 
sphère, with a line drawn through this point and the center 
O, will be the centesr of pressure. 

51. To détermine the conditions of the equilibrium of 
an embankment or dyke. 

Let ABC (Fig' 26.) be a transvene section of .any 
portion of the dyke^ taken to be every where of uni&tm 
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dimensions. Now, let the dyke be supposed to be formed 
of solid materials liable only to revolve about the point A, 
or to slide along the horizontal Une BA, Let P be any 
point, X its depth, 

By (Art. 49.) the vertical and horizontal pressures of 
the fluid on P are respectively represented by 

Dgssdœdy and Dgzdxdz 

and their momenta about A are 

Dgz {k^l + y) dydx, and Dgz {h — z) dœdz. 

Therefore, the whole momenta of the vertical and horizontal 
pressures of the fluid, are 

Dg ffz (k — l + y) dydœ^DgXj'iJC'-l + y) zdy and 

Dgjfz Qi^z) dzdœ^DgX {\h^-\h^)^lDg\h\ 

taking the latter intégral from to h, 

Now, let M represent the area of the section ABC, m 
the horizontal distance of its center of gravity from A, and 
D' its density. Its momentum about A will then be repre- 
sented by 

D'g .\ . M .m 

and, on the whdè, that the equilibrium may obtain about A y 
we must hâve > 

Dg\f(k^l + y) zdy + ly . g ,\ , M , m-^lDgih^^zOy 

or, y (A; — / + y) zdy -f- o* Mm-— g A^ = 0, 

representing by a the ratio of the spécifie gravities of the 
solid and fluid. 

It remains for us now to consider the conditions necessary 
to prevent the dyke from sliding horizontally along the plane 
BA.\ 
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Its weight îs D'gXM; its friction on the plane BA^ will 
therefore be represented by the product of this quantity^ 
and a constant (n) to be determined by experiment. AIso, 
the horizontal pressure of the fluid is repriesented by 

Dgffxdœdz = \Dg\h^ 

The remaining condition of equilibrium will therefore be 
expressed by the équation, ^ 

or, 2criltfw — A* = -..(2) 

52. Let us apply thèse équations to the case in which 
the section ABCD is a trapezium. (Fig. 15.) Let EF=k' 
CD=ih' whole height of the dykes=a; 

% h 

= l- — T-^h^+ -T7, taken from to A 

.-. by substitution in équation (l), 
^Z.A;.A-g/'.A-g^' + !.«(& + A?')crm = 0. 

53. Let us now suppose any portion CMP of the dyke 
CAB^ (Fîg- 18.) whose side CA is vertical, to be liable to 
revolve about the point M. To détermine the form of thé 
curve CPBy in the case of equilibrium. 

By équation (1) since in this case l == ky 

F 



*2 

where M.m i& the momentum of the area CPM about M. 
Now the momentum ot any ordinate y about that point, 
equals ^y^; tberefore on the whole, the momentum equab 
\f\t^^ + ^9 ^ being the momentum of CDE about the 
point M; 

'fyxdy — i»3 ^ \(Tj^d% H- cr^ = 0; 

therefdre diiferentiating 

yzdy — \9?dx + \tî'^dz = 0; 

% 






,-. y^%<f = -h C; 



«'^ 



when jîf = 3/ = oc^. An embankment according to the 
proposed conditions cannot therefore be formed from the 
very surface of the fluid. 

Let us now consider the case of an embankment sustaining 
a fluid of the claes we hâve described as of impeifect fliûdity. 

Let the vertical surface CB^ (Fig* ^7-) sustain such a 
fluid mass, of earth, sand, or other imperfectiy fluid substaiicç* 
Now, it is observed, that if any portion CP o£ this suîfaee 
be removed, a mass, CPMy will detatch itself from the i«8t 
and roU down, leaving the surface PJtf, sensibly a plane, 
varying in its inclination to the vertical with the f^uidity 
of the substance, being vertical in the case of a perfectly 
solid body, and horizontal in that of a perfect fluid. For 
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the same substance, whatever be the portion of surface 
removed, the angle CPM is the same; !et it be représentée! 
by 0. Let CP=^œ CB=^h. 

Now, the mass CPM is sustained by the horizontal re- 
action of the surface CP, and by its friction on the surface 
PMf and its cohésion with it. Of thèse two last forces, 
the one is prc^rtional to the vertical pressure on PM^ and 
the other to the area of that surface. Call Pg the hori- 
zontal pressure on CP. Resolved in the direction of PM^ 
and perpendicular to that direction this becomes Pg sîn. 0, 
and Pg COS. 0. 

Also the weight of CPM = ^g^^- tan (p . J5, and resolving 
this similiarity ît becomes ^gDa^ sin. and ^gD,v^ tan. 
sin. 0, also PM = w sec. <f). Therefore, taking y for the 
coefficient of the cohésion and (/) of the friction, we hâve 

Psin. + P/cos. 4- ^gDa^f taxi (p. sin. (p 

4- Y^sec. (p — ^gDar^ sin. = 0; 

^ gDâc^ sin. (p — ^ gPœ^f tan. <p . sin. — ya? sec. 

sin. + /cos. 

Now, in a practical application of this formula, we may 
neglect the term / cos. 0, by which we shall favor the stability. 
Thus we shall obtain 

P = i^i>.ni-/tan.^)-:^ (1); 

differentiating équation (l), we obtain for the incrément of 

horizontal pressure, 

* 
'y sec(/> 
gDœ(i —fteLn(p)dx — ^. — ^di?; 

sm 

The momentum therefore of the whole pressure, about Aj 



=/(* - ^)\gl>^{^ — /tan (p) dœ -. 7^9 ^J 
which taken from a? = to o^ = A gives 

»^i)(l-/tan0)A«-il^ÀS 

o • 81110 

t 

calling therefore, V .M .m,gy the momentum of ABCD ; 

Zy . Jlf . «»^ = i ^D (1 - /tan 0) A» - i ^^^ A*. 

54. To détermine the form of the curve DQAj any 
portion CPQ of the dyke being supposed liable to revolve 
about Q. Let PQ = y, Now, the distance of a vertical 
through the center of gravîty of CPQ from P, equals 

^fydœ ' 
and therefore from Q it equals 

and therefore the momentum about 

Q = y/yàm - \fy^dx ; 

.-. Ifyfyda, - ^ Ifffdœ = i D (l - /tan 0) a^ - i'^^^^ 
whence by differentiation and réduction we obtain 

byihe solution of which équation the curve DQJ, is determined. 
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On the Surfaces of jkanhle Vessels containing Fluid. 

By a well known property of flexible curves, when the 
impressed force is perpendicular to the curve, (calling T the 
tension and R the radius of curvature) T is constant ; and 

T 

the pressure at any point is represented by — . 

R 

55. Conceive a vessel to be formed of a séries of hori- 
zontal flexible annuli. The pressure on every point in the 
circumference of each of thèse will be represented by the 
same quantity, viz. zgy where % is the depth, and g is the 
force of gravity, the density being unity ; 

.-. iî = . 

The radius of curvature at every point in each annulus 
is therefore the same, or each annulus is a circle, and the 
whole, a surface of révolution. 

If we take the case of a vertical plane curve sustaining 
the pressure of a fluid ; as in the former case, we shall hâve 

iî = — ; 

%g 

T being constant, and z the variable ordinate to the curve. 
From the above équation, the nature of the curve may be 
determined. 

66. To find the curve into which a flexible Une will 
form itself, when sustaining at every point the pressure of 
a fluid mass, and acted upon by a force everywhere parallel 
to itself. 

I^et P represent the pressure of the fluid, and Q the 
force impressed on the curve at any point P, (Fig. 7.) 

Let AM = <r, MP = y, 

the axis of y being parallel to the direction of the force Q. 
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The pressure of the iluid is perpendicular to the eurve ; 
resolved therefore in the direction of œ and y it becomes 

P , -— and P . -7- . The whole pressures on the dément 
as as 

ds resolved in thèse directions, are, therefore, 

P .-^ .ds and (p -^ + q) ds, 
ds \ as / 

or P *dy and {Pdx H- Qds). 



Now, by a well known prc^erty of the funicular polygon, 
ail the forces impressed on any branch AP of the curve, if 
applied at P, would be in equilibrium with the tension (7*) 
at that point. 

dw 

Hence, therefore, fPdy + T -~ = (l) 

ds 

f{Pdœ + Qd«) - 7» ^ = (2). 

DifFerentiating the above équations, and multiplying the 
difFerential of the former by dy and that of the latter by 
dœ, and adding, we obtain 

Pdd" -h ddœds -h T -^ , ^ = 0. 

ds 

Multiplying the difFerential of the former by da?, and of the 
latter by dy, and subtracting, 

— Qd«dy H- d r . d« = 0; 

or calling R the radius of curvature, 

dcD" 



{p + q£)r^t = o. 



- Qdy -h d r = 0, 
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DiflTerentiating the former of thèse équations, elilsiinatiDg d T, 
and reducing, we obtain tbe équation 

PdR .ds + Q.dR.dâf^ RdPda + S Qdyds + Rdœd Q = 0. 

Suppose the force P to be constant, and Q to vanisb, as 
when the curve is horizontal aad the fluid acted upon by 
the force of gravity. Then, since Q = and dP = 0, 

PdR . ds = 0; 
.-. dR = 0: 
therefore R îs constant, or the curve îs a circle. 

Next, let the force Q be supposed to vanish, 

PdRda + RdPds = ; 
.*. PR = C 

If the curve be taken in a vertical plane, and the force 
P be that of gravity, we bave P =5 crgy ; 

.-. gRy = C, 

1 

or V o^ t: • 

^ R 

m 

If Q be considered constant^ as, for instance, the weight 
of an élément of the containing surface = mg, the gênerai 
équation becomes 

crydRds 4- mdRdœ -f- aRdyds 4- ^mdyds = 0. 
Now, ds being constant, 

d^co 
.-. aydRds H- a Rdyds -\- mdRdx -hmRd^of + mdyds=:0, 

Integratîng on the supposition that (ds), is constant, 
(T Ryds + mRdoD + mydsi = -4rf«; 
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eliminating JS, 

crydyds -f mdœdy H- myd^w = Ad^œ; 

.'. ^(ry^ds 4- mydœ = Jd^f -f Sd«: 
from whence we readily obtain 

dœ = (i<ry'-g)dy 

^ {A - myf - {^art - Bf' 



* This particular case may be solved immediately from the équa- 
tions (1) and (2). Substituting the values of P and Q^ we get 



dx 



»"d gf(.<'y d" + ^d*) ~ "^T" ~^' 



ï"^ 



Performing the intégration indicated in the fonner équation^ we hâve 

the constant B being detennined by the value of the tension and the 
direction of the curvature^ when y = 0, 

Eliminating T, (4<r^— B) ày + dxfijrydx + mdà) = 

.'. difFerentiating 

. y«^y ■ „ (1 +y*)*y ^y mdy 

a linear équation^ 

(é<r.»»-B)rf» 



dor = 
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A third constant will be introduoed by this last intégra- 
tion. To détermine thèse constants, we may observe, that when 
y = 0, d? = ; and that the length of the curve and the distance 
of the points of suspension are given. 

If we make tr = 0, 

--Bdy 



dx = 



which is the équation to the common catenary. 
If m = 0, 



dœ = 



^A'-i^f-Bf' 



which is the common équation to the velinary curve, the weight 
of the containing surface being neglected. 



CHAR V. 

ON THE EQUILIBRIUM OF FLOATING BODIESt 

57. A HEAVY body immersed in a fluid being pressed 
downwards by forces, the sum of which is represented by 
its weight, and upwards by forces whose sum is' equal to 
the weight of the fluid displaced, cannot be sustained; first, 
unless the sums of thèse forces when thus severally taken 
together be equal to one another; and secondly, uidess the 
directions of their résultants coïncide*. 



♦ Since it îs a necessarjr condition to the equilibriwn of a System 
acted upon by any numbeir of forces^ that the sum of those forces 
when estimated in any given direction^ should be zéro; and that 
beînff compounded into any two résultants^ the directions of thèse 
should be in the same straight line. 

G 
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From the first condition, it follows that the weight of a 
floating body equals that of the fluid it displaces. 

From the second, that (since the vertical pressures oa 
the différent points of the surface immersed, are predsely 
analogous to the weights of a system of icolumns, forming 
together the part of the solid whîch is immersed, and the 
résultants of the two therefore coincide) ; the center of gravity 
of the body and of the part of it immersed, are in the same 
vertical Une. 

Thèse conditions are also sufficient to the equilibrium, 
for they manifestly establish it with regard to the vertical 
forces on the system, and it has been shewn that the 
horizontal pressures respectively destroy one another in 
every position of the body. 

58. Let M be the volume of a solid, D its density, 
M' the volume of the part of it immersed when it floats in 
equilibrium, in a fluid whose density is IX. 

Then, since MDg is the weight or downward pressure 
of the body, and M IJf g,, that of the fluid it displaces, we 
hâve by the first condition of equilibrium 

M.D^M'.D' (fi) 

If the body be whoUy plunged in the fluid, Jf' = Jtf, 
and, therefore, Lf ^=D. 

If it be only partially immersed, M'<M; and, therefore, 
D'>D. 

It is, therefore, in ail cases necessary to the equilibrium, 
that the density of the body be not lésa than that of the 
fluid in which it is immersed. 

69. Generally the forces by which the body is urged 
upwards and downwards are respectively represented by MD 
and M'D'; it will therefore ascend, or remain at rest, or 
descend, according as 

M'D'> =: <MD; 



that isj if the body be wholly plunged, according as 

D'> = <D. 

In the first case it will ascend until a portion of it 
has emerged, and the equaHty M'Jff = MD being at length 
established, the moving force ceases and it eventually floats 
at rest. In the last case it will descend continually. 

If the body be placed on the surface of the fluid, and 
I/^D, it will descend until the whole of it is immersed, 
when JHfD' being equal to MD, the moving force wîll cease ; 
and being projected with the velocity acquired in its descent, 
it will proceed in the direction of projection until its motion 
has been wholly destroyed by the resiistance of the fluid, and 
it rests suspended. 

IfD'>2), the equality M'IX^MD will be established, 
and the moving ' force destroyed, before the body is entirely 
immersed. By the velocity acquired in its descent, it will 
however be projected beyond the position of equilibrium, 
and M'iy becoming <MD, a velocity will eventually be 
generated in an opposite direction, and the body will oscillate 
on the surface until ail motion is destroyed by the continuai 
résistance of the flùid. 

60. If the fluid be of uniform density, and D be taken 
to represent the mean density of the body, so that MDg may 
represent its weight as before, we shall hâve 

If the floating body be hollow, the mean density is that 
quantity which being multiplied by its bulk, taken externally, 
will equal its weight. 

If, therefore, it be admitted that a given portion of material 
can be so disposed as to be of any given extemal bulk, then, 
(so &r as this condition of equilibrium is cpncemed,) it appears 
that any such portion of matter can be made to float. It 
is a further condition of the equilibrium, that the Bolid con- 
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tained by the surface actually immersed, should hâve its 
center of gravity in the same vertical line with that of the 
vessel. 

61. If the body be symmetrical about a certain axis^ 
that is, if it be such, that being eut transversely by any 
plane perpendicular to that axis, the center of gravity of 
the section may lie in the axis; it is évident that the cen- 
ter of gravity of the whole solid, and of either of the parts 
eut off, will also lie in the axis. If, therefore, the solid be 
immersed with its axis vertical, the center of gravity of the 
whole and of the part immersed, will lie in the same vertical, 
viz. the axis; and the second condition of equilibrium wiU 
be satisfied to whatever depth it be sunk. 

Ex. Let the body immersed be a sphère of uniform 
density, it is évident from what has been said above, that 
it will float in any position; now by the first condition of 
equilibrium, we hâve, if AM (Fig. l6.) = a?, PM = y (P 
being the lowest point of immersion,) rad. = a 

5 . Dira^ = p irftf'dœ 

= D* irji^ax — x^)dx 

.-. 4— a^ = 3ax^ — a'^ 

or, if cr = the ratio of thç spécifie gravities of the solid and 
fiuid, which is the same with that of their densities, we hâve 

x^ — 3ax^ + 4 . o* . a' = 0. 

By the solution of which cubic équation x is known. 

It is manifest, that, since, as the body descends, the quan- 
tity of fluid it displaces increases, whilst its weight remains 
the same ; there can but be one position thus found, in which 
the weight of the one can equal that of the other. 
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If the sphère be loaded with a weight (w), we shall 
hâve 

'5 Dira? -f w = D'iç^aar — ^^) 

to simplify the expression, suppose the weight to equal that 
of a sphère, of the same density with the solid whose 
radius' is a; 

Now, let it be required to détermine what must be the 
value of (a), that œ may be a minimum. Or in other words, 
to find that sphère of a given density which will support a 
given weight, and sink to the least possible depth. Diffe- 
rentiating with respect to (a), 

dx dx 

4a^(r = a?* -f 9,ax— ^-r-j 

da da 

ft qn 

and makins^ --- = 0, since a? is a minimum, 

da 

X = ±2a^(r. 

DiflFerentiating again, 

dx dx /dx\^ 

SatT = 2a?-- H- 2a?-- + 2a(--) 
da da \da/ 

d^x /dx\^ „ cjPo? 

and substituting for x, 

dfX a /~~^ 

Saa = -r^{±^or \/(F — 4aV); 



54 

Now o-, asd therefore ^ c is essentially less than unity, 

therefore . — = is poâtîve or négative, according as the positive 

or négative sign is taken. The positive sign, therefore, cor- 
responds to a minimum, and we hâve 

.-. 8a^(l — cri) s= 4a'; 

t 

a 



.*. a = 



72(1 - ffi) 



Ex. 2. Having given the whole quantitj of the materials 
and lading of a rectangular vessel, the part of which, in 
contact with the fluid in which it floats, is to be cased with 
a given surface of copper, it is required to détermine the 
dimensions of this last part, that the depth to which the 
vessel sinks may be a maximum. 

Let X and y be the edges of the base of the vessel, and 
« the depth of immersion. Then is the surface immersed 
represented by 

œy + 2«.i? -f ^xy» 
If, therefore, (c) be the given surface of copper, 

xy H- 9,%x -f 2«ry = c. 

Also, if {ni) represent the whole quantity of material and 
lading, and D its mean density, 

xyssUt =^ mD^ 

j xyz == mer; 



%x 



-f 2zx = c, 



\x X / 



or, wi<r I — H — I + ^«00 = c. 
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Now, since x h a maximum, 

dœ 



2mcr 

4- 2jî? = 0; 



œ- 



ma 

whence by substitution and réduction^ 

a?^ — cd? + 4mdr = 0; 

the roots of which équation détermine the maximum and mini- 
mum values of the function. 

AU the roots are possible if OS (2 wcr)t, two are impos- 
sible if this be not the case. 

Ex. 3. In the above example the quantity of material 
and lading bèing given, it is required to détermine the dimen- 
rions of the vessel, that the copper sheathing to be used, or 
the surface exposed to the action of thé fluid, may be a 
minimum. 

Hère o^yz = m<r, 

and ^y -f 2d?a? -f 2gx = minimum; 






therefore, mal— + — ] + 25fa? = mmimum ; 



therefore, differentiating with respect to % and a?, 

ma 



2ma 

—à- + 2^ = 0; 
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therefore by substitution 



ma 
— (2m<r)* -f 2» = 0, 

I 
.'. .r = (2mcr)^, 

j^f = -^(2^(7)^, 

/ I 
y = (2W(r)^. 

The base of the vessel is therefore a square, and the depth 
to which it sinks is equal to one half the side of its base. 

Ex. 4. To find to what depth an ellipsoid will sink, 
vrith its major axis in a vertical position. 

Let a, 6, c be the semi axes of the ellipsoid, zr, y, % the 
oo-ordinates of any point in it, and œ the distance of the 
surface of the fluid from its center; 



(I)' ^ (ly ^ (7)' = ■• 



Now, a horizontal section of the figure through the point 
(xy y, %) is an ellipse, in which y, « are the co-ordinates of 
that point from its center. Also, 



^ -^-o = 1; 



Vu u 



b c 

therefore - (o* — â?*)i, and -(o* — a?*)i 

a a 



are the semi axes of this ellipse ; 
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and —^ (a^ — a?') 



is its area : 



therefore, the part immersed = ^^^f(a^ — ^*) dx 



^^{a*(«-^,)-^(a»_0}, 



a 
taking the intégral from a?^ to a. 

Now the whole content of the ellipsoid is 

I Traie;. 

.-. d?/ — 30*0?, — 2a'(2<r — 1) = 0; 

which équation not învolving 6 and c, it is clear that œ^ is 
independent of those quantities, and therefore the same . for 
a given value of (a), whatever relation exist between them, 
or, it is the same for the ellipsoid, spheroid, and sphère. 

Itis clear that the above belongs to what is termed the 
irreducible case of the cubic équation, since 

{2a^2<r - i)}« - 1*^?^ = ï6aV((r - 1,) 

and that c being essentially less than unity, . this expression is 
négative. Hence, therefore, it appears that ail its roots are 
real. 

To obtain thein, let v 

2a*(2<r — 1)^ 
cos d) = ^5 — , * = 2cr — 1, 



* See Francœur Cours de Mathematics, Art. 550. 

H 
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we shall obtain the three values of œ^ by substîtuting in thîs 
last équation, the quantities 0, ^ -f 2 tt, <p -f 4 tt, obtdned 
from the former. It is clear that but one of thèse roots 
can answer the conditions of the question. The two otKeW 
give values of «v greater than a. 

Thus, if we take <r «= ^, the vahies of (f) are 

TT Bit 9't 

and the corresponding values of w^ are a^ 3^ — a ,^/s, 0, of 
which the two former are greater than (a). The last is 
manifestly that which solves the problem. 

Where a given weight is to be sustained, it is clear that 
a given quantity of fluid must be displaced. Of ail floating 
bodies therefore, that, the part of which immersed is of . a 
spherical form, will sustain a given weight exposmg ihe 
least surface to the action of the fluid. 

62. If the fluid be of unlimited extent, it is évident that 
the portion of it displaced by a vessel of finite magnitude, 
can hâve no sensible eflect in increasing the altitude of its 
surface. Whereas, if the volume of the fluid displaced be 
finite^ as compared with its whole mass, (or rather, as com- 
pared with that portion of it which lies above a horizontal 
plane, passing through the lowest point of the body. immersed), 
then will the immersion hâve a finite effect in elevating the 
surface, and consequently in altering the position of the plané 
of flotation. 

Ex. To find the depth to which a paraboloid of révolu- 
tion will sink in a cylindrickl vessel of fluid. 

Lèt D and D' be the densities of the solid and fluid. 
K the area of the base of the cylinder, K' that of the 
base of the paraboloid. LN, (Fig. 17.) = a, DC, the altitude 
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at which the fluid stood before the immersion, s= b. The 
Itrea of the plane of flotation PQ = k, MN s a, DP^ == ao, 

Now, the volume of the paraboloid AN 

= \K'a, that of PN = \ka ; 
therefore, by the first condition of equilibrium, 

and since the whole quantity of fluid is the same as before 
the immersion, 

Kœ - ^ka = Kb; 

therefore, ifD'a? — ^kD'a :^ KD'b, 

and therefore, KD'œ — ^iT'Z^a =5 iTZ^fr; 

therefore, a? = 6 + ^a . ,^ ' , . 

^ K,iy 

AU that has been stated with regard to the conditions 
of the equilibrium of floating bodies, applies equally whether 
the density of the body or fluid be uniform or not. In the 
case of variable density, the weight of the fluid displaced is 
represented by J*D'dM' ; and that of the solid, by jDdM. 
The second condition becomes, therefore, 

a.fDdM^fLldM'\ 

the one intégral being taken throughout the solid, and the 
other, with regard only to that portion of it which is immersed. 

Ex. Hpw deep wiU a sphère of given uniform density 
sipk, when immersed in a fluid wbose density varies as its 
jjepith 5? (Fig- 16) the surfacç of the fluid; C the center 
of the sphère. 

BM c= Xy MP = y, radius = a. 
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Now, the upward pressure on the body, equals the weight 
of the fluid; which, if it were removed, would occupy the 
space at présent filled by it. 

Take the sphère itself to represent this portion of the 
fluid, then tt^^ is a horizontal section; and iry^dz an élément 
of it. Also, the density of this section is every where the same. 
Let it be represented by aw, where a = density at distance 
unity ; 

.*. weight of élément = irgaf/^œdœ^ 
whole weight of fluid displaced = giraft^atdw. 

Now if JÎC = *, 

.'. weight = gairf\a^ ^ (Ap — œy\ œdœ. 

Integrating this équation between the limjts (A? + a) and 
{k — o), we get for the whole weight of the fluid displaced, 

\gira^ak. 
Now if /3 be the density of the solid, its weight is 

when therefore there is an equilibrium, 



a 



That is, k equals the ratio of the spécifie gravity of the 
solid to that of the fluid, at distance unity. Since fi^ka 
= density of the fluid about the centér c of the sphère, it 
appears that the equilibrium will take place when the density 
of the sphère is the same with that of the fluid about its 
center. 
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The above is a particular case of the following gênerai 
property. A body, of antf farm whatever, will be in equi- 
librium in a fluid whose dénsity varies as the distance firom 
its surface, when it is immersed to such a depth, that its 
density is equal to that of the fluid about its center of gravity. 
Taking dM to represent an élément of the volume of the fluid 
displaced, at the depth »,'its density will be represented by 
aXy and therefore the quantity of matter displaced by axdm; 
therefore, the whole quantity of matter displaced, equals 
aJ'xdM; or, calling x^ the depth of the center of gravity, 
we hâve for the whole quantity of fluid matter displaced, 
axM; 

.-. ax^M = jS.JIf ; 
.-. ax^ = fi. 

Now, ax^ represents the density about the center of gravity 
of the body. Therefore, the density of the fluid about the 
center of gravity of the body, is equal to that of the body 
itself. 

It remains for us now to consider some of the cases 
involving both conditions of equilibrium. 

63. If the body be prismatic or cylindrical, (or in other 
words, if it be generated by the motion of a plane surface 
perpendicular to itself), and immersed so that its axis may 
be horizontal, or its two extremities in a vertical position; 
it is évident that into whatever position it be tumed, its 
center of gravity and that of the part of it immersed lie in 
the same vertical section, and in fact coincide with the center 
pf gravity of that section and the part of it immersed. And 
further, the ratio of the mass of the whole to that of the 
part immersed is the same in both cases, the conditions of 
equilibrium are therefore the same in every respect. And 
the détermination of the positions of the equilibrium of a 
body taken as above, reduces itself to the détermination of 
the positions of equilibrium of one of its generating sections. 
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64. Ex. Let us take the case of a triangular prism, 
and consider one of ils angles as inunerfed; by what bas been 
said before, it appears that the conditions of equîlibrium are 
the same as in the triangle. 

Let ABC, (Fig. âl.) b^ a triangulmr section of the prûm* 
Now, it may occur that one, or two of the verticc^ are 
immersed; we shall dedi^ce the co^ditions in the Iittter case 
from those of the former. 

Let a, &, c be the sides of the triangle opposite to the 
angles A^By C; and <r,y the sides AP and JQ of the part 
of it immersed; 

A AQP = ^wy . sin J ; 
.'. ^6c . sin J . Z> = ^«ry . sin J . />' ; 

or, if (T = the ratio of the spécifie gravities, and. therefor^ pf 
the densitie^. 

bca = «ry (l). 

Bisect the bases BC and PQ, in M and m; and take 
MM' equal to one third of MA, and mm' to one third of mAy 
then are M' and m' the centers of ^avity of ABC and APQ 
respectively. And when there is an equilibrium, the line M' m' 
is vertical or perpendicular to PQ. 

N0W9 since AM and A m are divided in M' and m* y in 
the same ratio it foUows that Mm is parallel to M'm'y and 
therefore perpendicular to PQ'; hence MP and MQ are equal. 
And reciprocally if thèse Unes be equal ; Mm, and its paralld 
M' m' are perpendicular to 'PQ. It is therefore iiecessary 
and sufficient to the equilibrium, that MP should equal MQ. 
Now, if MAP = )8, MAQ = 7, and AM =^ h, 

. MP^ = A^ - 2Aa?cos)3 -I- w\ 
MQ^ = A^ - Sthffcosy + f; 
.-. cc^ — 2Aa?cos/3 = y^ — 2Aycos7 (2). 
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The équations (l) and (2) détermine the quàntkiés j? and y^ 
and invôlve the solution of the problem. Eliminating {y) 
«nd reducing) we obtain 

0?* — 2A.cos/3a?^ + âfccAcr.cos'y. x — a^l^c^ ^ 0. 

ot, since A = 6 cos /3 = c cos ^y ; 

••. a/^ — 26cos^/3.ar* -f ^bc^a-cos^y.œ — a^b^c^ — (S), 

If the two angles B and C be îmmersed, since the centers 
of gravity, of the whole triangle ABC, and its parts BCPQ 
aiid APQ are in the same straight Une, and that the line 
joining the two first points is perpendicular to PQ, it follows 
that the line. M' m joining the first and last, is also per- 
pendicular to PQ, The équation (2) therefore remains; 
w and y being taken to represent the distances AP and^^Q, 
measured from the angle which is not immersed. 



Also, ABC . a = BQPC, 



= ABC - AQP; 



.-. AQP ^ ABC.(1 - (t); 

or, a?y = 6 . c . (1 — 0-), 

which differs from équation (l) in this, that (1 — a) is sub- 
stitute for (o*). With this change therefore, the élimination 
will be the same as that of the équations (l) and (â), and 
we hâve 

^*-26cos2/3a?'-f^6c2(l-o-)cos27.ci?-(l-.o-)26V = 0...(4). 

Now, every équation of even dimensions whose last term 
is négative, has at least twjp possible roots, of which ône ià 
positive and the other négative, the équation has therefore 
«t Içast one positive root; the two remaining rodts may be 
real or imaginary. If the four roots of thè équation dte 
real, it follows according to Descarte's rule of signs, that three 
of them are positive and the fourth négative; for whether 
we suppose the evanescent term of the équation (O.a?^) to 
hâve the sign + or — , we shall find three changes, and one 
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continuation of sign. Hence it follows, since the values of 
œ and y are essentially positive, that at the utmost the équa- 
tion cannot indicate more than three roots corresponding to 
différent positions of equilibrium. 

The roots satisfying the conditions are further limited 
to such as being positive and less than 6, give by substitution 
values of y^ which are also positive and less than c. Since 
it is manifestly necessary that œ and y should be less than 
h and c respectively. 

What has been said with regard to the number of possible 
roots, applies to both the équations (â) and (4). It appears 
therefore, that for every angle and for every two angles of 
the triangle, there are three; and therefore on the whole, 
eighteen possible positions of equilibrium. 

Let us take the case of an equilateral triangle. Hère 

j8 s= 7 = 30^ and o = 6 = c ; 

therefore, by équation (2), we hâve 

(a?« — y^) — SAcosSO (a? — y) = 0, 

(a? — y) {a? -f y — Sacos^âO} = 0, 

(^-y)U + y- -^> =0; 

also by (l), œy = adr. 

Thèse équations are satisfied by taking 

œ ^y ^ a fja\ 



and since o* and therefore sj ^^^^ '^ ^' ^^^^ value of of and y 
is possible according to the conditions of the question, and 
indicates an actual position of equilibrium. The équations 
are farther satisfied by taking 



3a 
.r -h y = — , 

a'y = a^o-, 
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whence we obtain values of œ and y alternately represented 
by the formula 

in the case of two angles being immersed, this becomes 

^{3 ±^9- 16(1 -o-)}; 

or, ^{3 + ^/l6(r- 7} • 

Now, that the values of the first formula may be real 
and less than (a), it is necessary first that l6a- should be 

< =5= 9 or a-< = — , 

10 

and secondly that 

^9 — l6(r should be < = 1 or, <r= >^, 
smce if this last condition be not satisfied, 

3 -f ^Q -^ l6(r 

will exceed 4, and one of the quantities œ and y will be greater 
than (o). The limits therefore of the values of ay so that 
the equilibrium mav obtain in an oblique position of the tri« 
angH and when one angle.is immersed, are 

— and —■ 
2 16 

and similarly the limits when two angles are immersed» are 

In order that the whole eighteen possible positions of 
equilibrium may therefore obtain, we must hâve ir = ^, and ' 
c being without the limits 

7,9 
— and --,, 
16 16' 

the triangle will not rest in any other than its vertical positions. 

I 
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65. An iiregular area floats upon a fluid, the part 
immersed being triangular. It is required to détermine the 
boundary of that portion of it which, in its révolution about 
its center of gravity, will always be above the surface of 
the fluid: or, in other words, to find the curve to which 
the line of flotation will always be a tangent. 

In any position of the area KACB^ (Fig. 19.) let PQ 
be the line of flotation. Draw MN parallel to CB. Let 
the whole area =-4, CM^w^ MN^y^ AC^a^ BC=^b, 
CP = ay CQ = fi; and let <r represent the ratio of the spécifie 
gravity of the solid to that of the fluid. 

By ^' "7"")3' ^^^' 

Also by the first condition of equilibrium, which is satisfied 
in every position of the body, since no vertical motion is 
supposed to take place, 

-a/8 sin C = -4<r ; 

.'. afi = - — -= 40", suppose, 
sm C 

2 2 

a a a — a? a 



éc- y 40" 



DiflFerentiating (by the method of parameters) with regard 
to the arbitrary constant a, 



1 



o 



y 2c^ 

O = — ; 

y 



(2) 



and by substitution in équation (1), 



o 



20" œ c 



,« 



y" y y^' 
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the known équation to a rectangular hyperbola. By élimina- 
tion inéquation (l), we obtain a? = ^a; tberefore by similar 
triangles^ 

66. To détermine the positions of tbe equilibrium of 
an area taken as above. 

AC and BC being taken as before for the axes of a? and 
y, let (j) be the inclination of the normal at iV, or of the 
vertical, to CA. Also, let a?^^ and y^^ be the rectangular 
co-ordinates of JV; 

.-. a?^^ = 0? + 2/! ^^s C, 

y„ = y sin C; 

H--~cosC 
dœ dœ 

.'. tan = — 3 — = ; ; 

" —- sm C 

dco 

but œy^=^(? (1); 

^*' — C cos c 

Also, if Cg- be taken =|^CiV, ^ will be the center of 
gravity of the triangle PCQ,. The co-ordinates of this point, 
taken parallel to AC and ^C, are therefore ^œ and ^y, 
Let G be the center of gratity of the figure. The line Gg 
will therefore be vertical, or perpendicular to PQ, when the 
body is in its position of equilibrium; and hence, calling œ^ 
and y^ the co-ordinates of G, and observing that the inclination 
of G g to AC is represented by Ç), we hâve for the équation 
to G g. 



2 sm d) / 2 \ 

^' 3-^ sin(C-d)) \ ^ 3 /' 
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2 tan / ^ \ /„x 

°'- y--iy= 8inc-tan».co8c r-"iv ^'>' 

eUminating (y) and (tan ^) between the équations (l), (2) 
and (s), 

2 c' _ a?^ — c^cos C / 2 \ 

whence, by réduction, we obtain 

3 S 
a?*—- (^,+y^ co8C)a?'+ -(y,H-a?^co8 C) c^x — c* = (4), 



The value of «r, obtained from this équation, being sub- 
stituted in (2), the value of (p or the inclination of the side 
AC to the vertical is known. 

If the Une joining C and G bisect the angle ACB^ 
drawing GH paràllel to BCj it is clear that 

CHszHG, or a?^ = y,. 
The gênerai équation becomes, therefore, 

x^ œ^Çl +COS C)a?* + -a?^(l -f cos C)c^«r — c* = 0, 

2 2 

or â? — c*-^3^^.a?.(<!P* — c^).cos*— =0; 



and 



.-. a?^ — c* = 0, "J 

2 ) 



The first équation gives, by substitution in équation (2), 

Whence it appears, that the figure is in equilibrium wheti 
CG is in a vertical position. 



From the second équation we obtain 

ai = - « cos' — h V - *. cos (T. 

2 ' 2 - *^ 4 ' 2 

If we draw G/ at right angles to CA, and represent C/ 
by A, we shall hâve 

(7 C 

A = C'G cos — = 2ai, cos^ — ; 
2 ' 2 

sr, substituting for c its value, 
3, 



* 16 asinC 



£x. Suppose the figure a sector of a circle : 
. C 




: h = -a 
3 

Also, 



l sinC A /l ,8in*C T 



*" sin C 



1 sinC 
= -o — ;;— 

2 C 

An oblique position of equilibrium is therefore impossible, 
unless' 



C— V 

Vsin C/ 



ir < 1, or <r < 



(^y- 
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67- If the figure be a rectangle, one angle of which 

only is immersed. Making C = »- in the gênerai équation 

(4), and taking œ^ and y, respectively equal to the halves 
of the sides a and b of the rectangle, we hâve 

a?* oa?^+ «6c*a? — c* = 0; 

4 4 

from which équation the value of (j) is determined by substi- 
tution in (â). 

This équation must hâve at least one positive and one 
négative root. It may hâve three positive and one négative 
root. There cannot, therefore, be more than three positions 
of equilibrium with one angle immersed. 

68. If the figure AKBC be inverted, so that the part 
noii immersed may be in every position a triangle, the con- 
ditions of equilibrium are determined by substituting (l — o-) 
for (o-) in the gênerai équation (4). For the first condition 
of equilibrium is satisfied when 

Area PQBKA = A.a, 
or when A — PQC = -4 . <r, 
or when PQC = J (l - o-), 

which is the same with the first condition in the former case, 
(l — 0") being substituted for o-. 

Also, the second condition of equilibrium is the same 
in both cases. For if g' be the center of gravity of the part 
PKBQ, it is clear that the center of gravity G of the whole 
will be in the line gg ; g' G is therefore perpendicular to 
PQ when Gg is perpendicular to PQ, 

69. To détermine the conditions of the equilibrium of 
an area, the lower part of which is a rectangular parallelogram, 
two angles of which are immersed. 
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PQ (Fig. 22.) the Une of flotation; M the center of 
gravîty of the whole area ACDB ( = -4)j and m that of AQ^ 
the part immersed: 

AB=^2a, JP = X, fiQ = V. 

Draw MN and mn perpendiculars on JC, and join Mm. 
Suppose the body in a position of equilibrium, then is Mm 
perpendicular to PQ. 

Now, 



JQ.mn = JV.''JB + PVQ. -PV, 

= 2a-\ + ^a«(X'-X), 

= -an2X'+\). 
3 



Also, ^Q. Jn = ^r.-5F + PrQ. jBr + -FQ, 

2 " 3 

= o\* + -a(X'-X) (X'+2X), 
3 

3 ^ 

'3 \3. 



2o- 



.•. «M» = 



_ a / X'-X" \ 
- i VT-X"/' 

Now, ^Q = ^<r; 
(2X' + X), ^« = _(^^,-^). 



3^0- 

Let the angle AKM^ which ^C makes with the vertical, 
be represented by 0; 

.-. X' - X = 2 a tan VPQ = 2a tan ; 

also a (X' + X) = ^Q = ^ . 0-. 






ff. 



I 
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Let =2c; 

a 

.-. \' = c + atand, 
\sc — atand; 



.•. mn = — (3c + a tan ^) ; 
3c^ 



and Jri = ^(Sc^ + a« tan«0). 
oc 

i 

AN "An 



—-{^c^a tan 0) — y, 
.-. tan0= 



6c 
whence Iby réduction we obtain ; 



a?^- T-(3c* +a«tan«e) 



.-. tan^0+ ]— -i + 2Ctan0 + — ^-^-^^ = 

(a^ ar ) ar 

If a Une drawn through M parallel to JC, bisect AB 
.-. tan'0 + <-;- -.' + 2>tan0 = 0; 



.•. tan 6 = 0; 



tand 






«^ a^ 



If the whole figure be a rectangle, c = ba- and a? = - 6 ; 
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= ± \/:^*'- 



therefore, tmO s= + V — -- (i — <y) — g. 

The équation tan d = 0, indicates a vertical position. 
The last équation gives an oblique position with the following 
conditions. Ist, That the radical be not imaginary. Snd, 
That the corresponding values of X.and X' be positive. And 
Srdy That they be less than b. 

The first Condition gives 

— -(l-(r)>=2, 
a 

or, a«-<r =<-.^^; 



or, tj'^^ 



. /î 2 o« 



4 3 6« 

The second gives, 

6<r — a tan 6 >0'^ 
or, 6V >36V(1 - (t) -2a^ 



3 /^ «^ 
8 ^ 64 26^ 

The third condition gives by a similar process, 

5 ./9 «^ 

It is clear that the third condition is involved in the 
isecond. 

In the case of the square 6 = 2 o, we hâve therefore for 
the conditions of oblique equilibrium, 



12 



3 1 
— > — 

8 8 

K 
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3 1 

Now, (T does not lie betweeil - and - , since in tbat case 
' 8 2 

0-^ f would bc le«« than - — - or ^; contrary to the second con- 

8 2 8 8 

dition. (T is therefore greater than - or less than - . 

2 o 

It is < = - -I- V — , or, > = V ^ • 

2 ^12 2 ^12 



70. To détermine the angle Mmk, (Fig. 20.) at which 
the Une Mm is inclined to the vertical in any given position 
of the figure ; 

— (3c + tan 6) -y. 
tan MSK = tan mM/m = — 



œ,^j ise^ 4- a*tan^0) 



_ 6c (a — y^) -f 2a* tan 



tan Jlf wft = tan (0 ^^MSK) 



^ n 6c(o- v) -f 2a«tan0 

tan — — ^^-— — — " 

6e* — 3c?« — ar tan* 



6c(g — y,)tane + 2a*tan*e 
"^ 6<?cP, - 3c^- o*tan*0 

_ — o^tan^e 4- (6cw, ^ 3c^ ^ 2o* ) tang ■- 6c (o-yj 
"" a^tan^e -\- 6c{a^ y) tan 6 + 6ea?, - 3(r 

when the figure is symmetriéal o = y^ ; 



. ir , . ^ - a*tan*0 + 6ccî?, ~ 3c^ - 2a-, 

.-. tan JfmAp = tan d. -— — . 

aUan^e -f- 6cœ - 3c^ 
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If J?^ = -C, 

tan Mmk = — = — (twi0 -f 2Got^), 

tan a 

As the body revolyes through ita successive positions of 
equilibrium,* the angle Mmk vanishes, Between each two 
successive positions of equilibrium, there is, therefore, some 
position in which this angle is a maximum. In the last case 
given above, the angle Mmk is a maximum when tan = ^^^2. 

71. To détermine the force Pg which applied horizontally 
and in the plane of the figure at the given point p, will 
produçe an equilibrium at a giv^i inclination Q of the axis 
Mfi, to the vertical. 

Let a and /3 be the co-ordinates of p from M on the axis 
MiLy qp the direction of the force on p ; 



.-. P X Mq =: D.A. Mky 
D being the density of the fluid. 

Now, Mq = acosd + /3sin0; 



also, Mm^ = (mn - MNf + {AN -^ Anf 

_ {6c(«~y^) -f 2o^tanep -f {Sc^^x^-^c) - a^tan^g} 
^ 36c« 



%\v? Mmk = |l + coi^ Mmk\ 



-1 



_ ^ g^tan^g + 6c(g ~ y^)tang -f 5c(2<r^— c) )* 

"■ ^ "*" (-a^tan^ + (6ca7^-3c'^ -2 a«) tan 0- 6c (a- y^)5 ' 



Now, Mk = Jf m sin Mmk ; 



P = 



6c(acos0-|-/3sin0) 




p= 
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If the body be sjrmmetrical, or a = 9, 
Â.D 



6e(acoBd + /38m0) 



f 4o*tan*e+^8c(2J?,-c)-o'tan*eP ^^ 
. } ( o^tan'é> + 8c(aar,-c) ?4 

When is exceeding small, 

oca 

The force requisite to cause difiPerent areas taken'as above^ 
to revolve through the same exceeding small angle 0, varier 
therefore, as 

oca 
which quantity may be taken as a measure of their stability. 

The maximum value of P represents the force necessary to 
retain the body in that position in which the point m is most 
distant from the vertical, >through M. Any additional force, 
therefore, or the velocity communicated by the continuai action 
of this^ through any previous period, will cause it to revolve 
beyond that position ; and (since the distance of the point (m) 
from the vertical afterwards diminishes), à fortiori through 
every succeeding position until passing through its next posi- 
tion of equilibrium, the poii\t m falls on the opposite side 
of the vertical, and the force P is atigmented by the pressure 
of the fluid. The motion of the body is therefore continued, 
until it attains its next position of equilibrium in an inverted 
position. The maximum value of P, is therefore, that force 
which is requisite to overtum the body* 

72* To find the positions of equilibrium of a cône. 

Let mn (Fig. 31.) be the plane of flotation when tlie 
cône is in jte position of equilibrium. Take CG equal to 
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^ths of the axis CD. Draw Ck to the center of the plane 
of flotation mn, and take Cg equal to £ths of Ck. Then 
are G and g the centers of gravity of the cônes ACB and 
vhCn^ and Gg is perpendicular to mn. Also, Dft is parallel 
to Gg', (CG and Cg' being respectively £ths of CD and 
Ck)i therefore Dk is perpendicular to mn. And 

fitft = kn ; .'. Dm = Dn. 

Let AD^BD-c, AC=CB=^a, ACB z= fi, 

Cmz^Wf Cn^y; 

V i3 CD* 4a*- c^ 

.-. CD*= a* , and CD eos- .= -— = — ;; . 

4 2 -4C 4a 

Now, Dm = Dn ; 

Q Ô 

.'. j*-2a? . CD . cos t- = y*— 2y . CD . cos ^; , 

2 2 

i3 



.% ^*—y^ — 2 (a? — y) . CD . cos~ =s 0; 
... a? — y=0, (1) 

and a?-hy — 2 . CD . cos— = 0; 

2 

•••*+»=~l^ ^^^- 

I 

t 

Volume of cône Cmn = g- . ( - j = - cos^ sm*^ (<ry)% 

12 cos' ^ '^ 

2 

and volume of ACB ^- sin^Ç cos - • a^ ; 

3 2 2 

.-. (wyy = a^cr ; 
.-. «ry =: a*cr^ •*(^)' 
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Therefore, from the first of the équations, 

Of ^=s y := a ai- 
From the second and third^ 

4a 



y = ^^^ ^ 



CHAR VL 

ON THB STABILITY OF FLOATING BODIES. . 

73. If a body âoating in equilibrium, and displacing 
therefore a quantity of fluid of the same weight with itself, 
and having its center of gravity in the same vertical line 
with that of the part of it immersed, be elevated or depressed 
through any given space, and at the same time made to 
revolve about its center of gravity through any given angle, 
so that its weight may be other than that of the fluid it 
displaces, and the center of gravity of the part immersed with- 
out the vertical line through its center of gravity : the equi- 
librium will manifestly be destroyed. The question of stabiUty 
consists in determining whether the body, when left to itseLT 
under thèse circumstances, will continually recède further from 
its position of equilibrium, or oscillate about and eventually 
recover it. 

We shall in the foUowing investigation confine ourselves to 
the case in which the first condition of equilibrium may be 
supposed to be satisfied in every position the body is made to 
assume, or its weight constantly to equal that of the fluid it 
displaces. 
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Def. The plane of flotation is the section of a floating 
body made by the horiâsontal surface of the fluid on which 
it floats. 

74. If the floating body be homogeneous, the center of 
grayity of the whole is above that of the fluid displaced, 
which in this case coincides with that of thë portion of it 
immersed. If the density of the lower portion be greater 
than that of the higher^ tlle center of gravity of the body 
may lie below that of the fluid displaced. In fact, it îs 
évident that the center of gravity of the body may always 
be broUght below that of the fluid displaced, by diminishing 
the density of its superior portion and increasing that of the 
înferior. 

fS, If th^e bé a plane, with regard to which the parts 
of a body are symmetrical, any portion of it eut off by 
another plane perpendicular to the former will be symmetrical 
with regard to the same plane. Whence it follow:s, that, if 
a body thus symmetrical with regard to a certain plane, be 
partially immersed in a fluid, that plane bèing vertical; the 
part immersed (or eut off by the horizontal surface of the 
fluid) will also be symmetrical with regard to that plane; 
and thé tenter crf gravity of the body itself and (in every 
position) ôf the part immersed will lie in it. For as many 
such planes, therefore, as can be taken in a body, there is 
at least one position of equilibrium. . 

76. Let A VB (Fig. 23.) be the section of a floating body 
made by a vertical plane, about which it is symmetrical; 
and let motion be communicated to it . in a direction paraUel 
to that plane. 

Now, the rotatory motion of the body about its center 
of gravity is the same as though that point were at rest, 
and the same forces applied.^ 

Conceive the center of gravity M of the body to be fixed ; 
and let n be the center of gravity csi the part immersed, 
and MK and nk verticals through M and n. Now, when 
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V 

the bodyis ia a position of equilibrium, tfae point n is in 
the vertical MK. Conceive it to revolve ont of such a po- 
sition about the point M. . Then it is clear, that if the point 
n move in the same direction with the body in respect to 
MK, the tendency of the pressure of the fluid on n will be 
to continue its révolution; but if the motion of n be with 
respect to MK in a direction confrary to that of the révo- 
lution of the body, its tendency will be to check the révo- 
lution about M^ and bring the body back to its former position 
of equilibrium. 

If, therefore, a force be made so to act upon the body^ 
as to move it ever so slightly from its position of equilibrium, 
and then to cease: in the case we hâve first mentioned, the 
motion about M will be continued and continually accelerated, 
and in the other retarded and eventually destroyed. In the 
one case, the position out of which the body has.revolved 
is said to be a position of unstable, and in the other of stable 
eqmlibrium. 

77* 1^9 whilst the disturbance is exceeding slight, the 
point n remain at rest, or move wholly in the vertical MKy 
it is clear that the pressure of the fluid will hâve no tendency 
either to restore the body to its position of equilibrium, or 
to cause it to revolve farther from it. The equilibrium is, 
in this case, said to be one of indifférence. The disturbance 
being, however, continued, this case will résolve itself into 
one of the former, or into a fourth case, in which the mdtion 
of the point n is in the same direction from the vertical, 
whatever be the direction of the révolution of the body. It 
is clear that in this last case the body will still farther recède 
from its position of equilibrium, or reinstate itself according 
as the disturbance is in the given direction of the motion' 
of 72, or in the opposite direction; and thus in one direction 
the equilibrium will be stable, and in the other unstable. The 
equilibrium may in this case be said to be of mixed stability. 

If the révolution be in either of the above eases continued^ 
Uie distance of the point n from MK will at length hâve 
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attained a maximum value; after pasaiiig through which it 
ynil diminish, find ultimately again Tanish*, when tfae cento* 
of gravity of the body and of the part immersed being again 
in the same vertical, there is a second position of equilibrium. 
The révolution being still farther continuée! in the same ài- 
rection ; if zéro be not a minimum value of the function 
expressing the distance mn, the point n will pass to the 
opposite side of the vertical, and mn will i^ain increase 
negatively with regard to îts former value until the function 
has attained its minimum, when n will again approach the 
vertical and cross it, the body passing through its third 
position of equilibrium. 

If zeîro be a minimum value of mn, the motion of n will 
be to the same aide of the vertical as before, or the position 
is one of inixed equilibrium. 

78. As the body passes through two successive positions, 
in which the point n crosses the verOeal^ tfae motion of that 
point is in opposite directions, and is therefûre altemately 
in the same direction with the révolution of the body, and 
in the contrary direction; or the positions are one of them 
unstable and the other stable. 

If the second position be one of mixed equilibrium, the , 
poinl^ n will not cross the vertical. If therefore, in the 
succeeding position it cross it, it will cross it in the same 
direction as it would hâve done immediately from îts first 
position. The first and third positions are, therefore, in this 
case, one of them stable and the other unstable ; and generaUy 
the positions immediately preceding and followîng one or any 
number of mixed equilibriums, are of altemate stability. 
Hence it follows, that the positions of stable and unstable 
eqwMbrium occur aUernateUf^ although the converse of.this 



* It is dear that the value of mn will (imder ail circumsUnces) 
vanish when the body has revolved back into its first positicm. 
The curve^ . which is the locus of n, either cuts the vertical 
therefore^ or touches it. 

L 
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proposition, viz. that the posiiionê of equilibritMn a/re aUer- 
nately stable and tmatable*, cannot be af&rmed. 

79. Let P^Q^ and PQ be respectively the positions of 
the plaûe of dotation when the body is in equilibrium, and 
when it has been made to revolve about its center of gravity 
through a small angle Jf/in(=:0). Now, 

solid PFQ = solid P'rQ'; 

therefore, taking away the common part PC/Q^Vy 

POOP" = QOC/Q!. 

The plane P^Q! having been horizontal, and therefore per- 
pendicular to the plane P'VQ; also, thé motion having tidcen 
place whoUy in a direction parallel to this last plane, it 
follows that the plane P^tf still remains perpendicular to it. 
The planes PQ and P^Q\ and their common intersection 
OCX, are therefore perpendicular to P^VQ. 

Now, if we take M to represent the constant volume of 
the part immersed, M . mn represents the momentum of 



* This law of stability is that commonly given in works on 
Hydrostatics. The following prôof is supposed to establish it 

Let the body be made to revolve out of one position of 
stable equilibrium into another. Now> immediately adjacent to 
its first position^ its tendency is to retum to it> or to dieck the 
révolution; and immediately adjacent to its second position, its 
tendency is Jrom the first position, or to continue the révolution : 
and this tendency to révolution dearly passes through every degree 
of magnitude; there is, therefore, some intermediate position, in 
passîng through which it changes its direction and vanishes: and 
this position is one of uïistable equilibrium. But it does not follow 
that between the two first positions there is not some other position, 
in passing through which the tendency to révolution vanishes with- 
mU changing its direction. Such a position is clearly one of mixed 
equilibrium. 

The above proof establishes the law giveh in the text, and no 
more. 
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PVQ about a plane xy perpendicular to the plane PVQj 
and therefore parallel to OC/; 

.-. M .mn=z mom"*. PC/tf V + mom". 00 Q[. 

Now, let N be the center of gravity of thesolid PVQ[\ 
.-. M\mn^z=, mom'*: P&Q[V + mom". PQ(P% 



,\ M . nn^- momKQffi^ - mom". PC/P, 

Now, since the solids Q0& and POP are equal, the 
différence of their momenta with regard to a vertical plane 
in a given position, will not vary, if we suppose that plane 
to move parallel to itself into any other given position; for 
it h clear that their momenta (being represented by their 
masses multiplied by the distances of their centers lof gravity 
from that plane) will both be increased or diminished by 
the same quantity in such motion. Hence, therefore, M.n^n 
equals the différence of the momenta of POP and QOQ' 
about a vertical plane through (XX. 

Let ad' be an élément of Qi/Qf contained by planes per- 
pendicular to PVQ^ and parallel to it; then is the solid 
content of ad' represented by 

a& X «6 = '^ (ttc -^ a c") aa' , afe, 

1 • — 

= --(ac-^ac') ab'j 

2 



1 



= '^ (ac + ac') cd' . sin cos ; 
2 

therefore, momentum of ad' about a vertical plane through 
OC, 

a= - (aC + ac'y. ci . sin cos^O, 

4 

= (mom". of inertia of plane cd') . sin cos' 0; 
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Uierefore, momentum QOQ[ 

= (mom°*. of inertia of plane tfOC/) . sîn 9 cos* 9. 

Similarly^ 
mxmP'. POP a ^(mom"*. of mertia of plane P0(/) .«in9cos^9; 

.\ Mn^n 2= (mom^. of inertia of plane PQf) . sin 9 cos^ 0. 
Also, 

8olid aéf cr ^ (qc 4- ac) . céf . àa 9 eos 9, 

;:;: (moni"". of c(f about 0(y) . sin cos d ; 
therefore, whole solîd QOQ' = (mom"*. Q^OC/) . sîn . cos ^. 

Similàrly^ 

soMPOF^ -(moisr.PO(y).wi9.Qos9i 

.'. (mom". Q!0(y) dn » cos 0= - (mom"!. P'OO) , sin é» . cos ^; 
.-. mom". (ÏO(y + mom"'. P0(/ = 0; 

therefoi:e 0(X passes through the center of gravity of the 
plane Ptf. 

r 

Let now / represent the momentum of mertia of the plane 
Ptf about the axis 0&, thus passlng through its center 
of gravity. 

.-. nr^ = r- sîn . cos* 9 ; 

Ja 

.'. Nfi = 77 COS* 9- 
M 

And îf MN be represented by a, 

-^M = ï7 cos* ^ + a, 

the sign + being taken according as the center of gravity of 
the body lies above or below that of the part of it immersed. 
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Since 9 is exceeding small, cos d = 1 ; 

.'. MfjL = — + a. 

M 

Now, if the ppmt n move to that ride of MK tavrards 
which the body is revolving, ît îs clear that fi will lie below Jlf, 
or Jlf/i be négative; and if to the other aide, positive. The 

/ _ 

equilibrium is therefore stable or unstable, according as-^ + a 

M 

is positive or négative. If Mjul = 0, the equilibrium belongs 

to' the ambiguous case which is said to be indiffèrent, but 

may in fact be stable, unstable, or mixed. 

80. If the part of the body immersed be a solid of 
révolution, and the center of gravity of the whole lie in its 
axis, it will be eut symmetrically by any vertical plane 
through diat point; and in whatever direction the disturbance 
takes place, the conditions we hâve assumed will be satisfied. 

Now, in this case, the plane of dotation will be a circle, 
and the axis of rotation OC/ its diameter. If, therefore, 
the radius of the plane of flotatiôn be represented by (a), then 

/ = - ira and Mu = ■ + a* 

Ex. To détermine the stability of a cône when floating 
vertically. 

Let a and a^ be the radii of the base and plane of flota- 
tiôn respectively, and b and b^ thdr distances from the vertex. 
And first, suppose the cône to float with its vertex downwards. 
The distances of the centers of gravity of the whole, and the 
part immersed from the vertex, are then respectively 

3 _ 3 * 3 

are to one another as the cubes of the radh of their bases, 
or of their altitudes; 
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Now, Jlf = — ira^h. 

and the négative sign is to be taken, since the center of gravity 
of the body clearly lies above that of the part immersed ; 

-ira/ 6, 






Suppose the cône to float with its base downwards. We 
hâve them as before, since the whole cône and the portion 
above the surface of the fluid are similar solids ; 

o/ = o» (1 - ff), 6/ = 6» (1 - a). 

Also, the distance of the center of gravity of the frustrum 
immersed, from the vertex 

3 6* -6/ 



36* - 6* 8 



• • 



a = - 



^. - -J, 



4 6» — 6» 4 



_ 3 6/(6 - 6,) _ 8 6'(1 - g) {6-6(1 -<r)*} 
""4, 6»-6/ ~4 6»a ' 

I 

,- 7ro*(l-ff)^ 3/l-<r\Ç, , .-J.) ^ 

... ifM = -j— -^ - j(-^) |l - (1 - ar 1 .6 



3 



K^OK?-') <-')'- 4 
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Suppose a = 6 ; therefore, in the first case, 

The equilibrium is therefore stable, indiffèrent, or unstable, 
according as 

.> = <! 

In the second case, 

and the stability is dépendant on the conditions, 

7 
<r<=>-. 

From the above it appears that if in the second posi- 
tion the equilibrium be stable, it is unstable in the opposite 
position. 

Ex. 2. Let the body be a paraboloid immersed with its 
vertex downwards, axis = a, radius of base == 6 ; and let a^ 
and h^ be similarly taken with regard to the part immersed ; 

2 

Jlf = - irafh^ = - ira^ba ; 
2 ' ' 2 

also, -^ = -- = parameter = 2 c ; 

... 6/ = feV, 

= c- -6(1 - Vo-> 
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The stability is therefore determined by the conditions 



/ 3CY 



81. If the body or the part of it immersed, be generated 
by the motion of a plane perpendicular to itself, and be so 
immersed that the generating plane may be in a vertical posi- 
tion, the plane of dotation will be a rectangular parallelo- 
gram; and it is clear that the conditions supposed, will be 
satisfied for a motion parallel to either of its sides*. Let 
thèse be represented by b and c, and let the miotiontake place 
parallel to the side b ; 

.-. / = — , 

12 

c6» 

Ex. Let it be required to find the stability of a rectan- 
gular parallelopipedon floating 'vertically on a âuid. The 
direction of disturbance being parallel to one of its sides. 

Take a^b, cto represent the edges of the parallelopipedon, 
(a) being vertical. Let a^ represent the depth to which the 
body sinks, and'^A the distance of its center of gravity from 
its base. 

Then, û = ^A — ^a , 

and M = a fie = abcar; 

cb^ , 

^ 12abc<T ^ '^ 

and a^ = oo-; 



* Provided only the center of gravity of the whole be in the plane 
«bout which the part immersed is symmetrical. 
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12o<r 2^ ^ 

and the stability is detmniiied by the condidons, 

A < = > T— + «cr. 
oao* 

If the body bc of uniform density, A = a, the conditions 
of equilibrîum are, therefore, 

o < = > ^— + acr, 
oteo" 

V 

or, (-) > = < V6<r(i - <r). 
For the cube, we hâve 

The conditions which hâve been shewn to obtaiû in the 
vertical position of the parallelopipedon, apply in a converse 
order to the oblique positions of eqmlibrium on each side of it. 

Generally, where the body is symmetrical, the oblique 
positions inunedî^.tely adjacent on each side, to its vertical 
position of equiUbrium, are clearly similar and of the same 
stability. In cases where such oblique positions are possible*, 
the intervening vertical position is therefore not one of mixed 
stability, since the positions immediately precedîng and follow- 
ing such a position, are of opposite stability. 

It bas been shewn that the equilibrium of a cube in an 
oblique position is impossible, unless 



-'i = <^i- 



Now, thèse are precisely the conditions, which obtaining, the 
vertical position is unstable or indiffèrent; if therefore, the 

■^^— — — _. - - — '■ — ■ — ' — • • ■ — ' — ^ 

* Unless they be both of indifiérent stability. 

M 
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vertical position of the cube be not one of indiflPerence, the 
oblique positions are stable. 

» 
We hâve hitherto supposed the bgdy to be symmetrical 

about a certain plane, that plane to be vertical when the 

body is in its position pf equilibiium, and the motion com- 

municated to be such as to cause it to remain vertical during 

the body's révolution. On. which hypothesis the motion of 

the center of gravity of the part immersed takes place 

wholly within it. 

82. Let us now take the more gênerai case, in which 
the motion of the point (n) is otherwise than in a vertical 
plane through M. 

Let F^VQ (Fig. 23.) be that vertical section of the body 
through its center of gravity M, which is perpendicular to 
the intersection 00' of the planes of flotation PQ and P'Q'. 
The plane P'VQ is therefore perpendicular to P'Q[. But 
MN is perpendicular to P'Q[ ; therefore, MN is in the plane 
PTQ. Let n be ihe projection of the center of gravity of 
the part immersed on this plane, and through n draw the 
vertical Wjix. 

Now it is clear, that the tendency of the pressure of 
the fluid yrill be to check the rotation about the axis My, 
or to continue it; that is, to diminish the angle 0, made 
by the planes PQ ànd P'Q', or increase it according as the 
center of gravity of the part immersed, or its projection n 
lies in the same direction from the plane îsy, with the révo- 
lution of the body, or in the opposite direction. When left 
to itself, therefore, the motion of the body will be to diminish 
the aogle d, or to increase it, according as M^l is positive, 
or négative. 

Now precisely as before, it may be shewn that 

MfjL = — + a, 

where / is the momentum of inertia of the plane P'Q[ about. 
the axis 0&. If N and N' be respectively the momenta about 
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the principal axes of the plane P'(ïi and y^ the angle made 
by OÙ with the axis of greatest momentum, then 

/ = Ncos^ylf 4- JV" sin' >/^ ; 

.-. M/uL =s i-— ^ + a. 

M ■ 

* 

83. If this quantity be essentially positive, whatever be 
the value of yj/, it follows, that in every position which the 
body can assume when left .to itself, the tendency of the 
pressure of the fluid will be to check its fiirther motion ; it 
will therefore again be brought to rest, and its equilibrium 
is stable. And similarly, if M/ul be négative for every value 
of >//, the pressure, into whatever position the body may be 
brought, will be to continue its motion, or the equilibrium 
is unstàble. But if for certain values of >/^, Mu be négative, 
aiid for other values positive, there are certain directions of 
disturbance in which the equilibrium is stable, and certain 
others in which it is unstable: and the body, when left to 
itself, may eventually pass into a position in which the sign 
of Mtà. is changed, so that its motion may at first be to 
retum to its position of equilibrium, and then, before it 
attains that position, to recède again from it, and conversely. 
The equilibrium is, therefore, in this case, doubtfuL 

Now it is clear, that if lÙf/m or ( Tjr + o ) be positive for 

the minimum value of /, it is positive for: every other value: 
and if it be négative for the maximum value, ît is négative 
for every other value. 

We, in fact, therefore détermine whether a body be stable 
or unstable under every possible circumstance, by considering 
its stability with respect to motion, perpendicular to the prin- 
cipal axes of its plane of flotation. It is stable in every 
direction, if stable with regard to that axis about which the 
momentum is a, minimum: it is unstable in every direction, 
if unstable with regard to that about which it is a maximum. 
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If tbe equilibrium be doubtful, an axk m&y be taken, 
for which M fi v^nishes, or about which the equilibrium 
may be mixed. To détermine thia axis, we ^hall hâve 

iV ces' yjz + N' sin* yl/ 

. , ./N-Ma 

■•. srnf = V jv-jy' - 

Thus, in the case in w}iich the body is generated by 
the motion of a plane perpendicular to itself, 

. , A/eb*—liMa 
»°^=^ 06(6^-0 • 

84. If fi and /x be tbe values of Mil in référence to 
the principal axes of the plane of flotation, we shall .hâve 

N' ^ 



JNT cos^ >f . -f jy ' 8in^> 2 i . / • 2 i 

,\ — ' — jj " + a = /Li cos* y -f /i sin'^ y ; 



therefore, generally, 

MfjL = /i C09* '^ -f /i' sin* >/^. 

From which it is clear (as above) that, if /i and fi bave 
the aame sign, the equilibrium is in every direction stable 
or imstable, according as that sign is positive or négative: 
and that if they bave différent signa, there are certain di- 
rections in which it is stable, and others in which it is 
unstable. 

Ex. 1. To détermine generally the stability of a rect- 
angular parallebpipedon. 
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Hère the principal axes of the plane of flotation are clearly 
parallel to the sides; 

é' 1 
m' = (A — art) ; 

- -. V cos' >t -f c' sin* ^ 1 ,, 

12a<r 2^ ^ 

If the horizontal section of the figure be a square, 

6 = 0, and M^ = — -. (A — aé) ; 

\9,aè 2 

or the stability is the same, whatever be the direction of the 

"* disturbance. 

^ * 

Ex. 2. To détermine the stability of an ellipsoid. 

Calling a, 6, e the axes (of which e is vertical), and œ 
the distance of the plane of flotation from the centre, we hâve 
(see Poisson, Mech, Art. 115.) 



3, ./ c*-ar' \ 



3 (c + ^) 



2 



4 2c4-^ 
Also^ the semi-4uces of the plane of flotation are 

5(c«-^«)*, and ?(c«-^p«)*; 
c c 

.-. N' = -«• . Ç (c*-a,-«)'. ? . (c»-«*)», 

4 C C 

4 c* 
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4 
Also, ilf = -Trabccrx 

S 

, 4 c* ^ 'S (c + jy)* 

4 ^ 4 (2c + a?) 

3 

16 c^a^ ^ 4 (2c + a?) 

Similarly, ^ 

'* l6cV^ ^ 4 (20 + 0.)' 

The value of a? is determined by the équation 

a?^ — 3a?c* + 2c^(l -2cr) = 0. 

If 0* = ^, «r =:0, or the plane of dotation coincides with a 
principal section of the ellipse; 

S (a« cos* >^ + 6« sin* >^) 3 

.'. MfjL = — ^ ' î-^ c ; 

3c 8 

oC oC 

If, therefore, c be the least of the three axes, the equi- 
librium is stable in every direction. If it be less than ose 
axis and greater than the other, it is doubtful. 
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CHAR VIL 



ON THE OSCILLATIONS eF FLOATINO BODIES. 

86. The motion of the center of gravity of a body or 
System of bodies, îs the same as though the whole mass were 
collected in it, and the forces applied to the whole were made 
to act directly upon it. 

Now, the forces impressed upon a floating body are its 
weight and the pressure of the fluid, bpth of which are in 
a vertical direction. If, therefore, it be moved from its posi- 
tion of equilibrium through any space and then left to itself, 
no velocity having first been communicated to it, the motion 
of its center of gravity will be wholly in a vertical direction. 

Suppose the body PVQ (Fig. 23 .) after having revolved 
through an angle Q about its center of gravity M to descend 
until its plane of flotation is P"Q'\ 



Let S equal the volume of the solid, ^ the descent P"p 
of the center of gravity, and 2), l/ the densities of the solid 
and fluid ; therefore the impressed moving force 



^SDg-- P"VQ[\iy.g 



^S.D.g^M + Pd'.Ug 



= ^PQ\D\g; 
also the momentum of the effective forces is represented by 




*■*•<!«■• 
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... s.D.^= -Pd'.iy.g; 



df M 

Nov, if the oscillation be exceeding small, calling K the 
area of th« plane of dotation, P"Q" or P'Q'. 




(a) being the height of the center of gravity above its position 
of e^uilibrium at the beginning of the motion, or its depth 
below it; ' 



When ^ = 0, 



••'=(ë)'"""®' 



It appears then that the time of the body's passing from 
its greatest distance to its position of equilibrium, is 






and thi& expression, bdng indépendant of (a) it follows, that, 
whatever the gceatest distance may be, the> time is tbe same ; 
and that the oscillations, are isochronous. Also that the timé 
of an oscillation, or the time during wbich a body continues, 
to ascend or descend, is represented by 



(: 



Ex. Suppose the body a paraboloid of révolution. Let 
a be its axis, and h the radius of its base; àlsô let y be 
the radius of the plane of flotation; 

also, — = — ; 
w a 

••• ff* = 6V; 
therefore, time of vertical oscillation 



ab^o" 




86. Supppse the osçill^ipn to be finite, an^ let the motion 
of the body be wholly in a, vertical direction ; 

r 

Ex. 1. Let the body be a cylinder. Then K is con- 
stant : 

" df M ' 

N 
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whence procéeding exactly as in the case of small oscillations^ 
we find that a cylinder, to whatever depth it may be plunged, 
if left to itself, will oscillate isochronously,' and that its con- 
stant time pf oscillation will be 

^g g 

calling / the length of the cylinder. 

Ex. 2. Suppose the body a cône with its vertex down- 
wards. Let c be its altitude, and h the radius of its base. 
Calling œ the distance of the plane of flotation from the vertex 
of the cône at any period of the motion, and œ the value of 
0?, when the body is in its position of equilibrium, 

■■■ df r~ — • 

S 

Now, a? = 0?^ + ^; '• 

éPœ (?^ 

éPœ a?* — ^ ' 

\dt) cV 

a being the value of œ at the beginning of the motion, 
Now, 

^7r-a?/=^7r6«ccr; 



(dœ 
Tt 



/ * 2c^o- 
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The équation 

(a* — w^) — 4c^<r (a — a?) =±=0, 

détermines the value of â^ for which the velocity is nothing, 
or the extent of the oscillation. It is manifestly satisfied by 
taking â7 = a according to the hypothesis, or 

a^-^-aoF -f a^a^ + o* — 4c' (r = 0. 

On the Oscillations of a FloaHng Body about itfi Center 

of Gramty. 

87* The motion of rotation of a body about an axis 
passing through its center of gravity, is the same as though 
that center were fixed and the same forces were applied. 

Suppose the point M (Fig. 23.) to be at rest. And to 
take the simplest case, let the motion be parallel to a vertical 
plane, about which the body is symmetrical, so that the 
motion of the center of gravity n of the part immersed 
may be wholly in that plane. 

Now, M being the center of gravity of the body, the 
momentum of rotation produced in it (about that point) by 
its own weight is nothing; and the whole momentum of 
the impressed forces about M arises from the pressure of 
the fluid, and is represented by 



MD\Mn",gy 
or by 



* Since the momentum of rotation varies as 6, the oscillation 
observes the same laws with that of the pendulum^ we may therefore 
at once conclude that it is isochronous^ and that its duration is 



'«• 



\/(î^ 



+ «lg 
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Also the momentum of rotation of the effective farces about 
a horizontal axis through ilf, is represented by 

•or* / ^ 

iSft* bdng the nloiûentttei bf în^ia bf the -whoie sôKd. 
Whence, by D'Alemberf'^ prindple^ we pbtain 

The négative sign is taken, the position being supposed of 
stable equilibrium, and therefore ^th^ tendency of the force 
always to diminish U^e angle 0; . 

6 being the amplitude of the oscillation. Calling (t) the 
âme, measùred from the instant of greatest amplitude, 

k 

f:=z ^ -. ■• ==^ COS 



viûj -® » 



g 

e 



Since, when t—0, ô'=9, and therefore cos"* 1 — 1=0. For • 

the value of t, when 6sbO, we hâve 

k 



V( 



M 



•+"f«)«' 



^TT. 



And this expression being independent of 0, it appears 
that the oscillations are performed in the same time, what- 
ever be their amplitude ; ànd that the whole time of each 
oscillation is 

kir 



v/(i^") 



-r^ 



S 



lOi 



When -ijT + « îs négative, the intégral (l) becomes a 

logarithmic function; and continuàlly increases with ^, or 
as we bave shown before, the equilibrium is unstable. 

Ex. Find the time of a small oscillaticHi of a cylinder 
floating vertically. 

Let w be the distance of any transverse section of the 
cylinder frôm îts center of gravity ; and let a be the 
radius of its base and b its height. Now the momentùm 
of inertia of the section about its diameter is ^tt»*. About 
an axis parallel to its diameter, therefore, and through the 
ceâtér of gravity of the Cylinder, at distance a?, its momentùm 
is^Tra* + ito^o^* An'd hence, passing to the whole momentùm 
about this last axis, we hâve Sl^ =y(^7ra* + ird^œ^) dœ. 
And taking the intégral from a?= +^6 to. a?= —^6? 

(4 12 5 
.% k^ = -a' -\ 6^. 

Also, /ss-Tra*; 

4 

. / a' 

" Jf "" 46(7 ' 

And the depth to which the cylinder is immersed when in 
its position of equilibrium, is îcr; 

.'• o = - fe (1 — <r) ; . ^ 

2 





-< a' + — 6' 
4 12 



a" 1 ) ' 



= -n-\/ 



(Sa'+b')ba 



^Sa*-66V(l-<r)}^' 
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88. Let us now proceed, more generally, to consider 
the oscillations of a floating body, whatever may be the 
direction of the disturbance. 

Let us suppose the volume of the part immersed to 
remain constant during the révolution of the body. In its 
motion trom. its position of equilibrium, let the body desciibe 
the angles JC, F, Z, about the rectangular-axes Mwj My^ MZf 
passing through its center of gravity M, of which let the 
axis Mz be vertical. 

Let PQ (Fig. 23.) be the position of the plane of dota- 
tion after the body has revolved about the axis My through 
the angle F, and P&'QÙ" (Fig. 23'.) that after it has re- 
volved about the axis Mœ through the angle X. 

Now it is clear, that if in any position of the body a 
motion be communicated about the axis of «^ the part im- 
mersed will remain unaltered, and therefbre the impressed 
force and effective motion of the body in describing the 
angles X and F, will be the same as though no such motion 
had existed. 

Let us suppose the motion to hâve been wholly about 
the axes a? and y, so that PÙ'QVOf" (Fig. 23'.) may be 
the final position of the body. 

By the révolution about the axis My^ the part im- 
mersed is increased by the sector 00 Qi^ and diminished 
by the sector POfP \ and in the révolution about Mœ^ it 
is farther increased by P&'QOy and diminished by PO^'^QC/, 
Therefore, on the whole, the part immersed equals 

py(i+ QO(î'-pop'+ opa'-- apa". 

Now, the axes OOf (Fig. 23.) and PQ (Fig. 23'.) are clearly 
parallel to M y and Mœ respectively ; the différence of the 
momenta of the equal sectors POP^ and QOQ[ about the plane 
%y, is therefore represented (Art. 81.) by / sin F cos^ F; 
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and the diflPerence of the momenta of OPO" and O'PC/" about 
za; by /' sin X cos ^X; I and /' representing fespectively 
the momenta of inertia of the planes P^OQiO' and POQC/ about 
the axes OÙ and PQ. Or iif X and Y be exceeding small, 
thèse quantities are represented by lY and rx^ where / and 
/' are the momenta of inertia of the plane P'Q! about its 
axes 00' and P'Q'. 

Let dK represent any élément of the plane P^tf, and 
let k be the distance of the axis 00' from the plane %y; 
then momentum POO'P — momentum QPOfQ[ about plane 
zœ-ss^ûxa Fcos Yj{k--co) ydK. I^et Jlk — œ) y d JT be repre- 
sented by N'f and let N be similarly taken with regard to 
the plane %y and the solids O'PO^", OPÙ'. Then momentum 
OPÙ'Q - ÙPa^'Q about zy^N sin ^ cos ^. 

Now the momentum of the impressed force about «y^ 

= mom^ PTQ' + mom^ QOQ' -mom"*. POF 

+ mom™. OPO" -mom"*. aPÙ" 

^[aYM^-IY^-NX] Dg. 

Similarly, the momentum of the impressed force about zœ^ , 

= {aXM-]'rX-]'N'Y] Dg. 

Now let œ^ y^ z^ be the co-ordinates of any élément dm 
of the body. ' 

Then by the gênerai équations for the motion of a solid 
body about its center of gravity, we hâve 

fyîflZlÉyj dm= {(uM + I) Y+NX] <rg, 
flllÇ^J^ dm= \iaM + n X+N'Y\ ag. 



ft 
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Let X y « hâve been thé oo-ordinates of the point (œ, y, »y 
or the dément dm^ when the body was in its, position of 
equilibrium. To détermine the values of a?, y^ %^ in tenns 
œ y Xy suppose the bckly to- revolve about the axi^ Oz (Fig. 13.) 
through an angle ROQ,^Z. It is dear tbat the value of 
% will remàin unaltered. 

Let œ,^ y,, be the new values of œ and y, 
.-. a?^ = OJB .* cos RON^ OQ . cos (QOM + Z), 

= 0Q . cos QOif. cos Z-OQ sin QOM sin Z, 

=4ycosZ — ysinZ l 

y^=OQ sin (QOJlf+Z) i (l.) 

= y cos Z + a? sin Z J 

Let the body now be supposed to re volve about the axis 
Oœ through the angle X, and let x^, and y^ be the corres- 
ponding values of x and y,,. Then, as before, 

^ * (2.) 



y^ =y^^ COS Jir+ j?f sin -X' 



] 



Let the body nowy finally, revolve about Oy^ x^^ and œ^^ 
becoming x^ and œ^. 



x^^=x^^ cos F— ^p^^sin 



in ri 

m Y j 



œ, = œ,, cos F + «f sin 

Eliminating the values of œ^^ y^^ x^^ between the équations 
(1), (2), (3), and observing that since X^ F, Z are exceedingly 
small, we may consider them as equal to^their sines, re- 
présent their cosines by unity, and omit terms which involve 
their product; we obtain 

a?^=a7 — yZ •\-xY<i 

y.—y + '^z '\-xX, 

x^:=x — yX—,vV, 
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Differentiating with respect to the time, 

da?^_ dZ dY 

d« dZ dX 

dt dt dt 

^/-_ d^ dY 

dt dt dt 

therefore, omitting the terms învolving X^ Y and Z, 

œ^d%^ «^« ^ 

dt dt -dt 

z,dœ. .dY dZ 

- dt dt ^ dt 

dt dt dt 






dZ 



a? d« o dZ dX 

-i-£f = + a?« __ + œ% — - , 

, dt dt dt 

d^ dt dt 

^.^y.-y.^'". , « ^^ <^z ^-^ ^Y 

a?d*»,-»,d«a?, ,« ,, d*r d*^ d*Z 



-^ — ^^ . = - (?*+«*) -^-«>y 



^X «fF d*Z 

j^ * vy -r-/ j^ y ^^ d^ ' 

■*■ -ïfA'^-^y^^"^ + d^ /»«d«i - -^fzydm = 

O 
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j- 



«I 



J\f + ««) dm - -T^fwydm - —^fxœdm 



df 



df-^ " df 

= {aM + I') X + N'Y] ag. 



Let the integrals/(«*+y*) dm,/(a^+z^ dm,f{fW) dm 
be represented by A, A', A" respectively, and Jhœdm, fzydm, 
fwydm by B, Bfy S'. Also let Nag, N'agi (aM + T) <rg, 
(aM+T) <rg be represented by C, C, D, V respectively, 



^ «PZ . „ ^X ^d'Y 
d<^ d^ »<^ 



df 



df 



^£^+ir^ + B 



d^ 



d<* 



df 
df 



+ CY + VX = 



.(A.) 



y 



Eliminating -77, ve obtain 

df 

££ AA'-B" d^Y CAX DAY 

df "*" AB" + BB'' df"^ AB" + BB' "^ AB"+BB' 



â^X . ABf' ^BB^ dJ'Y 



df 



+ 



CAY 



D'AX 



AA!'-& df ^ AA"-B^ ^ AÂ'-B" 



= 0, 



= 0. 



To integrate thèse équations^ let them be added, the first 
having been multiplied by the indeterminate quantity /u. 

AA!-B^ AB'+BB' 

'^ AB' + BB!'^ AA'-B" d*Y 
■———- -— -t:s-> 



t^X 

Jf 



M + l 



df 



CA^ 



VA 



DA^ 



CA 



= 0. 



jL. — i: X'\' — 

Let the two last terms of this équation be identical 
with e{X^\Y) where \ represents the coefficient of the 
second term; 
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A A - S* AB" + Bff 




^ ^ ABT + BB' ' AA'-B" 

M + 1. 


» 


CA,L LfA 




ABT + Bff ' AJr-B" 

e = , 

M + 1 




DA^ CA 




, AB' + BB' ' AA'-B" 

e\ — . 




Let \y \', €9 €9 be the values of \ and € resulting from 


thèse équations. 




Assume ^ = X+\Y and ^' = JT+X'F; 




... j + .^ = 0, 




. ^'-Y = o. 


■ 



Let now a (i y he the initial angular velocities about 
the axes œ y %; and "î^ "i^ the corresponding values of -~- 

and ■-—; so that when ^ and y =0, ~ = a + Xfls'i', and 

-^ =:a + X'/3 = 'î''. Therefore integrating the above equa- 
do 

tions. 



•*■ — 
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V \'. i'. vers t ^/7 X."^ • vers t j7 

(x-x') >y7 (\-x') n/7 

_ ■^f vers / «yr _ "i^ . vers t ij è 
" (X-X')v^ (X-X') V^ 

Integrating the first of the équations (^), we obtain 



' . 7= vers — : =- xzm 

(X-X') V« Ay + Ba-Bfi 

\.^. Az + g.y- .y F ^ 

■^ (X-X')V^ ^'" Ay + Ba-B(i ^ * ' 

V__JL_ ^Z + gA^-.g'F _ 

" (X-X') V^ • ^""^ Ay+Ba-B'^ V * 

■=ver8 — -^: zrrrr ^. 



) (B.) 



(X-X')Ve' Ay + Ba-B'fi 

By which équations the motion of the body is completely 
determined. 

It is clear, that as long as e and e are positive qnantities, 
the corresponding intégrais are eircular functions, and, there- 
fore, that the values of X and Y for certain values of t per- 
petually diminish, ôr that the body, when lèft to itself, îtfter 
oscillating about its position of equilibrium eventually returns 
to it. The equilibrium is, therefore, in this case stable. 
But if the quantities e and e be, one or both, négative, then 
the corresponding values of X and Y are both logarithmic 
functions, and afier a certain period increase (positively or 
negativdy)* with the time, or the equilibrium is unstable. 



* After disturbance^ the body may in this case once pass through 
its position of equilibrium, X and Y vanishing. The motion, how- 
ever, will be continued through it, thèse quantities afterwards in- 
creasing negatively with the time. 
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Let us take the case în whîch the axes oî œ y and % are prin- 
cipal axes of rotation, and in which the principal axes of 
the plane of dotation P'Q' are in |he planes %œ and zy. A 
case whiçh manifestly ocçurs where the body is symmetrical. 

Here5 = ir' = jB" = 0, C = C^O\ 

.'. A -7-- = 0, 






K=, (I)' .e„ (^)' ,, 

^=a (^) vers (-j ^. 

The equilibrium is stable or unstable, according as D and 
ly or (aM + 1) and (ailf 4- /) are positive or (one or both) 
négative. It is clear that the equilibrium can be unstable 
only in the case in which a is négative, or the center of 
gravity of the body above that of the part immersed. 

The motion of the body is determined by the équations 
and Jr = a(^,) vers (-)*|. 



\ 
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CHAP. VIII. 



ON THâ IBQUILIBRIUM OF VES8SL8 OONTAININO FLUID. 

89. liET the vessel PAQ (Fig. 32.) containing fluid be 
Bupported by a horizontal plane with which it is in contact 
in the point H. 

a 

Let M be the center of gravity of the vessel, and N that 
of the contained fluid. Draw the vertical HR and Mm, Nn 
perpendiculàrs upon it. Now calling A the mass of the vessel, 
M that of the contained fluid, and (r the ratio of their spé- 
cifie gravities, it is clear that since there is an equilibrium, 



Nn . M^Mm . A .a» 

Ex. 1. Conceive the vessel to be generated by the motion 
of a parabola perpendicular to its plane. Draw HL parallel 
to the axis AR and PL perpendicular to HL, Let the in- 
clination of AR to the vertical ssd, and SH^r; 



.-. M=PAQ=-HK.PL. 



Also PL^ = 4>r.HK; 






(-» 






r^ 



. HN= -HK=^ — — i; .-. Nn = — ^ — i. sin 0. 
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Agaîn, SR=^SH=r. And, îf AM=ihy a9d 4c be the 
latus rectum oî the parabola, SM=ih-^c; 

.•. Jïilf=r + c— A; .-. Mmss(r + C'—h)siaO; 

. sin • ilf = (r + c — A) . sin . J . <r ; 



5r 



i 



...,*+(._.,,+_ I(î)* 



—. = 0. 
Aa 



Ex. 2. Td find the oblique position of equilibrium of 
a vessel in the form of a rectangular parallelopipedon con- 
taining fluid. 

Let B (Fig. 29«) be the angle on which the vessel is 
supported. Draw the vertical BM*^ and let M and m be 
respectively the centers bf gravity of the vessel and fluid. 
Draw MM and mm' parallel to AB; 



,\ mm\M = MM' . Aa» 

Now adopting the notation of (Art. 71*) 

mm' = nm' — nm = 2 a — An tan — nm. 

Also (Art. 71.) 

30^ + a^ tan* , a 

An = -— j and mT* = — {3c + a tan 0), 

6c 5c 

ilf 

where c = — . 

Also, if ^, and y; be the co-ordinates of ilf, 

MM'=y^ +^, tan 0— .2a; 

C Sc^ tan 0-i-a^ tan* » zo . . m? ix 
... ha g — (3c-i-atan0)^ ilf 

= {y^ + ^^ tan — 2a} J<r, 
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whençe, by réduction, 
tan'0 + ( -^ + —. + 2) tan + 6 (2i__J(r ) = o. 

If the weight of the vessel be neglected,. w^ and y^ vanish, 
and we bave 

tan'e + (-J + 21 tan0-6f— j- +--\ =0. 

90. The above problems bear a close analogy to that 
case of the equilibrium of floatmg bodies in which the body 
partially rests on the bottom, or is attached to it by a cord, 
as in the case of a buoy. 

Ex. 1. To find the position of equilibrium of a conical 
buoy whose vertex is retained at a given depth. 

Let ACD (Fig. Sl.) = o, CM==a, MCD=09 CD^^b; 
.'. Jlfms=a tan (d — a), Jlfn=o tan (0 + a); 

If ^/% V . ,/* vï atanôsec^a 

Now if G be the center of gravity of the cône and g that 

• * ■ » 

of the part immersed, Cg = - Ck ; 

4 

,- 3 ,^, Sa tan . sec* a 

^ 4 4 1— tan^Ô. sec^a 

Also, Cm^a sec (0 — a) and Cn^a sec (0 + a) ; 
therefore, content of cône Cmn 

= .j cos a . sin* a . a^ {sec (0 + a) sec (0 — a)}*, 

TT , sin^ a . cos a 



5 {cos* . cos* a - sin* sin* a} ^ ' 



TT , tan* a . sec^ 9 



S {l-tan-o.tan*0j^* 



U3 



. AlsoCG= -6; .-. CJV= -ftsinÔ; 

4 4 . 



cone CAB = - 7r6^ tan^ a ; 

S 



^ 4 tan* a sec* a . sec* . sin tt ,4 « . ^ 

.•. - a' . — = -b* .{T > tan* a • sm d ; 

* {l-tan*0.tan*a}^ ^ 

a* sec* a . sec* 9 



{l-.tan*0.tan*(a} 



5 



= 6* (T. 



Let JD = C9 and assume 1 — tan* tan* a^oFj whence 

, a* sec* a 4 2a* sec* a ^ a* sec^ a 
a?* 2 ar H r ^ z = 0. 
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On the Stahility of Veaseh containing Fluid. 

91. If JET (Fig. 23.) be the point in the surface of the 
vessel in contact with the plane on which it is supported, it 
is clear that the body when left to itself, ^ill tend to retum 
to its vertical position, be indiffèrent to motion, or recède 
further from it, according as 



My .A a > = < y/uL . M. 

Hy being a vertical through H^ and n/m through the center 
of gravity n of the contained fluid. 

Now the disturbaoce being small, iNT^u = -|- (Art. 80.)^ 

where / is the momentum of inertia of the surface of the 
fluid about an axis passing through its center of gravity, 
and perpendicular to the direction of the motion: also y is 
the center of curvature. Let r7 = 'y5 VM^k^ VNj=k; 

.-. ilf 7 = 7 — ic, 7M = j^-(7— O» 
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therefore^ the equilibrium is determined by the conditions 

(y-K)A<r > = < /-(Y-/c')if. 

Ex. In the paraboloid of révolution, if 4c represent the 
latîM recttùm, and œ^ the distance of the surface from the 
vertex; 

The conditions of stability are^ therefore, 

(2c- ic) A(r>^< 4flrc*ar/— ^2c — - âr ^ iirca^^ 



S ' 



92. Suppose the vessel AP (Fig. 34.) to rest upon the 
cwr^ed surface AP. It is required to détermine uie con- 
ditions of stability. 

The vessel having revolved slightly from its podtidn of 
equilibrium, let Q be the point of contact of the two surfaces. 
Ihraw the normal yQy. Then are y and y the centers oi 
curvature at A and A\ Draw the vertical QJT, and let M, N, 
and fi be taken as before. Now it is clear that the vessel will 
tend to rectum to its position of equilibrium, be indiffèrent 
to furtber motion, or tend to continue it, acoording as 

MF.A(r>-< ilK.M. 

Let AM^s^Kj AN^^^Kf Ay^s^y, A'y^^sty\ 

The conditions of stability are, therefore, 

(jr-/c) . Aa > = < Ck -f -^ - Ak\ m, 

.__ AaK •\- Mk •\- 1 
or AK >s=< 5 =7 — . 
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Now by Z^ 7 ^[7' and yKQ. Sincîe A and A liAf bc 
considered as coinciding, we 'ha.ve 



t 



4^=: 



_ 77 



7* 



7 + 7 
The conditions may be reduced, therefore, to 

1 1 Akt + M 



7 y 4(TK -{- Mk +1 



CHAR IX. 

OSNBBiU:< EQUATIONS OF THB EQUILIBRIUM OF FLUtJM. 

93. To treat the question in its most gênerai form, 
we shall consider a fluid.masç which may be either homo- 
geneous or heterogeneous, compressible or incompressible, 
and which has ail its, partides impelled by given accelerating 
forces. It is proposed to détermine the conditions of its 
èquilibrium. 

94. Let PQ (Fig. 11.) be a para|lelopipedon of the 
iluid contained by planes parallel to the rectaçgular co-ordinate 
planes ày, «œ^ zy. Let w^ y y ^^ be the co-ordk^ates, X, F, Z, 
the accderating forces^, and D the density at jp.,, Also^ let 
ù^œy Ay^ A« represent the edges of the parallelopipedon, 
and p the pressure at P referred to an unit of surface. 
Further, let it be supposed that the accelerating forc^e^ 
JTf Yf Z, and the density D are the same for every point 
of the parallelopipedon. 

Intersect the mass PQ by a plan^ MN parallel to either 
of the co-ordinate planes, as xy. Now the incrément of 
pressure generated on MN by the action of the force X 
on the fluid mass PM, is represented by 



X.D.PN. MN; 
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and this pressure îs propagated throughout the fluid NQ, 
and produces, on every point of it, and therefore at Q, a 
pressure which, referred to an unit of surface, is represented by 



X.D.PN. 

Hence it is manifest, that if MN be made to move up 
to Qfi^ the incrément of pressure generated at Q by the 
action of the force X on the whole mass PQ, and referred 
to an unit of surface, is represented by 

X.B.PQt, or X.B.t^œ. 

Similarly, the incrément of pressure generated at Q by 
the action of the forces Y and Z on the mass PQ, are re- 
spectively represented by 

F . 2> . Ay and Z . D . Ajïf. 

Therefore, on the whole, there is generated at Q by the joint 
action of the forces X^ F, Z on the solid PQ, an incrément 
of pressure, which, referred to an unit of surface, is re- 
presented by 

XDb.ai + YDLy + ZDù^x. 

On the whole, therefore, the pressure taken on the hjrpothesis 
that the accelerating force and the density are the same 
throughout each élément, is represented by 

2Z>{A"Aa?4-TAy4-ZA^}. . 

Now, according as A a?, Aj^, Ai!? diminish, does this hypothesis 
approach to the case whidi actually obtains, of a continually 
variable forée and density, a limit which it never actually 
attains for any finite values of thèse quantities; we have> 
therefore, accurately, 

p=/D{^da?+ Ydy-vZd%\* (m). 

* The following ihethod of investigating the above équation . is 
exceedingly simple. If P (Fig. 13.) be an elementary plane any- 
where situated in a fluid acted upon by forces X, Y, Z respectively 
perpendicular to the planes 2^, zx, xy» And the fluid being inter<- 

sected 
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The intégral may be taken with regard to any sériés 
of consécutive values of a?, y, z. It appears then, that 
,the pressure taken with regard to every such séries of values 
of a?, y, %y or in other words, the pressure of every lint of 
fluid particles terminating in the given point, is the same. 
This principle has been assumed by Newton as a basis to 
the theory of the equilibrium of fluids. It is clear that 
the assumption wiU at once lead to the above équation. 

95. Wherever an equilibrium exists, the above équation 
has been shown to obtain ; it is therefore a necessary condition 
of equilibrium. Now this équation becomes impossible when 
the right hand member is not an exact differentîal. It is 
therefore an essential condition of the equilibrium of a fluid, 



sected transversely by a plane passing through and parallel to zx, 
let the whole of the fluid beyond this plane in the direction QM, be 
supposed to become solide excepting only the uniform column QMay 
and which is carried parallel to yO, to the surface of the fluid at a. 
The pressure on P will theii remain precisely as before. Now, the 
column a a exerts on Q, by reason of the accelerating force Y, a pres- 
sure which, when referred to an unit of surface, is represented by 
fYdyi and this force being propagated through the fluid, there re- 
sults from it an equal pressure on P. And this is the only (appré- 
ciable) pressure generated by the force Y upon P. For the whole 
pressiure on P results from the pressure of the fluid column a Q, and 
the fluid lying in the direction of the ^is of y from the plane of in- 
tersection. Now, this last fluid can, hy reason of the force Y, produce 
no pressure whatever on P, since the direction of the pressure gene- 
rated in it by Y is directly from that surface. Hence, therefore, it 
appears that the whole pressure generated by the force Y upon P, is 
' that of the ftuid column Q a, and represented by fDYdy. Similàrly, 
the pressures generated upon P by the forces X and Z, are respoc- 
tiyely/DXdx sndfDYdy; and therefore, calling the whole pressure 
upon it, referred to an unit of surface, p, we hâve 

p ^fBXdx + fDYdy +fDZdz 
=zfD{Xdx+Ydy + Zdz}, 
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tfaat its density and the forces impressed upon it, should 
be such as to render the expression 

D {Xdœ + Ydy + Zdz) 
an exact differential. 

96. From this condition we obtain, by the application 
of the known rules, (Lacroiw, Cale. Integ, 307.) the following 
équations, which involve ail the conditions necessary to the 
equilibrium of fluids, as it regards their depsity and the 
forceç by which they are acted upon; 



dDX dDY dDX dDZ dDY dDZ 



dy dœ ' d« dœ ^ dœ dy 



• ••(!;)• 



We may eliminate D by performing the differentiations 
indicated, multiplyiog the équations respectively by Zy Y 
and Xy and adding them toge1;ber. Whence 

j^(dY_dZ\ ^/dZ _ dX\ ^(—^ —\ =0- 
\d« dy/ \dw dx ) \dy dœ) ' 

an équation which establishes a relation between the force» 
Xy Y, Z necesskry to their producing equilibrium, whatever 
be the density of the fluid on which they are impressed. 

• 

97- Let us now consider a surface taken in the fltdd, 
cm every point of which the pressure is the same. It is mani- 
fest that since for such a surface p is constant, dp =? o ; and 
therefore, 

Ydw 4- Ydy + Zdz = (Ç). 

It is therefore a further condition of the equilibrium of a fluid, 
that such an arrangement should exist among its parts, as 
that taking a séries of points in it, on ail which the pressure 
is the same, thèse points should be found in a surface, 
determined by the above équation. Any number of such 
surfaces of equal pressure, will manifestly be formed by 
assigning différent values to the arbitrary constant, which 
enters into the intégral pf this équation. 
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98. In ail cààes of attraction or repukion directed 
towards fixed centers of force, in which the intensity is a 
funôtion of the distance, the quantity Xdx + Ydy + Zdss 
is an exact differential. {See Poisson, Mecan. No. 225.) And 
in this définition are included, ail the forces in nature which 
can be made to act on the particles of a body at rest. We 
may, tha'efore, generally assume 

Xdœ + Ydy + Zdz ^ d<f^, 

and, dp ^ D .d(p...J'» (o); 

hence it appears that the product D.d(l>j or the quantity 

—> must, in order that the equilibriiun may obtain, be an 

exact difFerential. In the former case, D is a function of 0, 
and may be àny function of that quantity; in the latter, it 
is a function of (p), and therefore also a function of 0. 

99* In either case therefore, it appears that an equili- 
brium cannot exist, unless p and D are both functions of 0, ' 
and therefore of one another ; and that when p is constant, 
D is also constant; or that ail sufaces of equal pressure, are 
also of uniform density. Heûce, therefore, we gather, that 
a heterogeneous fluid is disposed when in equilibrio, into a 
séries of hdinbgeneous strata^ contaîned between surfaces, on 
every portion of eàch of whîch the pressure is the sàme, 
and whose form is determined by the équation (^. The 
above conditions with regard to the distribution of the parts 
of a fluid mass, and the variation of its density, include 
ail that is necessary to equilibrium, in such fluids as are 
presented to us by nature. ;. 

100. In the case of incom{)ressibIe fluids, Dd<f>\% an 
exact di£Ferential, and therefore the equilibrium h possible 
if D be any function whatever of 0. It appears then, that 
the forces being given, the density of the fluid may be taken 
to vary, according to an infinity of différent laws, with regard 
to ail which the equilibrium will be possible. If the fluid 



120 

be elastic, D is exclusively a given functioa of the pressure, 
and variés in ail known fluids, directly as that pressure ; 
the force being given, it must therefore always vary accord-: 
ing to a given law, that the equilibriùm may be possible. 

101. If = c be the équation to a curved surface, 
referred to three rectangular co-ordinates, the cosines of the. 
angles which the normal to a point {œ, y, z) make with the 
axis, are respectively 








(S) 



Now, in the surface determined by équation (^, 

d(b d(b dd> 
dx dy ' d% 

are respectively equal to X, Y, Z; the three quantities given 
above, are therefore respectively equàl to 



^JWTWV^' ^X^ -h Y^ + z*' V-*^+ Y^ + Z"^ 

Now, thèse are precisely the cosines of the aagles, which the 
résultant of the forces on the point (a?, y, %) makes with the 
axes. The résultant coincides therefore, in direction with 
the normal, and at any point of a surface of equal pressure, 
is perpendicular to that surface. 

102. If the extrême surface of a fluid be free, or sustain 
no extemal pressure, or if it sustain on every point of it the 
same pressure, it is manifest that for that siirface dj9 = o ; 
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aiid ihat it belongs to the class of what we hâve defined to be 
surfaces of equal pressùrç, and is détermined by the équation 

Xdœ -h Vdy + Zdz = 0. 

Ex. Suppose a fluid to be acted upon by forces tending 
to a fixed center, and equal to /r, a function of the dis- 
tance n Suppose the fluid incompressible and of uniform 
density, and first let us shew that in this case the équations (tt) 
are satisfied, and the equilibrium possible. Resolving the 
forces on the point (a?, y> ^0 î» the direction of the axes, we 
hâve 

X= --fr, F= - ?/»-, Z = - -A; 

7» T 7» 

dJC dfr dr œ ^ œ dr ^ 



dr r r ir r 



_^C dfr frl 

" r'ii:^'^ ry 

Ând similarly, 

dY .^ dfr dr y ^ y dr ' 
dœ dr ' dœ' r * r^ dœ 

_ _dfr y œ y œ 

dr r r r r 

r^\ dr r } 

dx dr 

'* dy dx 

and similarly it may be showii that 

dX^_dZ dY^dZ 

d% dœ^ dz dy^ 

and the denâity D is eonstant ; therefore it is manifest that tibe * 
équations (tt) are satisfied in the case we hâve assumed;; * 

Q 
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The saine démonstration will apply to the case in wbich the 
density is variable, and a fonction of the distance r, if /r be 
taken to represent the product of the density and accelerating 
force. It applies also to the case of elastic fluids, since it has 
been shown that where the density is a function of the pres- 
sure, the only condition necessary to equilibrium, is that 

XdiV + Ydy -f Zdz 

should be an exact differential, which it is proved to be above. 

Having shewn that the forces applied to the fluid are 
such as by a proper distribution of its parts, are sufficîent 
to produce an equilibrium ; it remains to consider what that 
distribution must be. Substituting for X^ F, Z, their values 
in the équation, (y) we obtain 

fr fr fr 

jpdtV — ' — ydy — " — zdz = ; 

r r r 

.•. /— ixdœ -h ydy ■+■ zdzl = c. 

•-^ 7* ' 

f(frdr) = c; 
.-. Fr = constant; 
.'. r = constant. 

103. Hence, therefore, it appears that the extrême surface 
of the fluid, and every surface of equal pressure within it, 
must at every point be at the same distance from the center. 
Now each siuface of equal pressure, is also of uniform density. 
It is therefore necessary to the equilibrium, if the fluid be 
of variable density, that it be disposed in a séries of homo- 
geneous spherical layers. If it be incompressible and of 
uniform density, the above condition reduces itself simply 
to this, that its external form be spherical. 

104. The above reasoning manifestly holds whether we 
consider the fluid as forming a complète sphère, or being 
retained in a limited space by the sides of a vessel : in either 
case the form of its surface will be spherical,, having for ita 
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center the center of force. Thus the surface of lœy por- 
tion of fluid at the earth's surface, will be a portion of a 
spherical surface having its center in the center of the earth; 
that is, it will be horizontal, or of the same form with the 
earth's surface. And this will be true, whàtever be the 
form of the vessel in which it is contained. 

In the case of gravity, we hâve, considering it as con- 
stant, and taking the axis of z in the vertical, 

dp ^ D {gd%\ ; 

.-. p = Dgz -h P, 

taking % from the surface of th& fluid to any depth ^, and 
calling P the external pressure of the atmosphère. Now, 
Dgx is the weight of a column of the fluid of the same depth. 
Hence, therefore, it appears that the pressure at the depth z^ 
is the weight of such a column added to the pressure on the 
surface. 

105. Ex. 2. To détermine the form of the surface of 
equal pressure in a fluid which is acted upon by a central 
accelerating force, varying directly as the distance, and which 
is further made to revolve with a given uniform velocity, 
about a fixed axis passing through its center of force. 

The central force at the distance unity being m, the 
forces on the point (a?, y, %^) resolved in the directions of the 
axes, are — mœ^ — my, — m%. AIso, the axis of rotation 
being taken for the axis of Zy the force generated by the 
rotatory motion in the direction of that axis, will be nothing. 
But in a plane perpendicular to it, if the point {a?, y, z) he 
at a distance p from it, and a the angular velocity, there will 
be generated a centrifugal force represented by 

(vel.)* _ {.apY _ 
——. = -— =«^ 

P P 

which resolved in the directions of <v and y, becomes a'<r, n'y, 
both forces being positive, since they tend to increase the 
co-ordinates. We hâve, therefore, on the whole, 

. 
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by whicb it is manifest that the équations (ir) are satis^ed. 
for the surface of equal pressure, 

(a* — m)xdœ + (a^ — m)ydy — mzdz = 0; 

the équation to a prolate spheroid, having for its center 
the eenter of force, and for its principal axis the ax^s of 
rotation. 

If a be the radius of the sphère into' which the body 
will hâve formed itself before the communication of the 
rotatory motion, the axes of the spheroid may be readily 
shown to be represented by 

/m — aV , / 2m \T 
I I a, and I ) . a. 

Suppose a fluid mass to be attracted towards two centers 
of force by forces which vary according to given functions 
R and R of the distances r and r. Call a the distance of 
the two centers of force from each other, and let mR and m'R! 
represent the actual forces lipon any portion of the ffùîd. 
Take for the plane of œ y, a, plane passing through hôûi 
centers of force. Then will the forces resolved in the direc- 
tions of a?, y, and », be represented by 

ûp y X 

— m R -, — mR - , — mR - , 

r r r 

+ m'R' -, - m'R' - , - m'R" - . 

r ' r r 

Therefore at the surface, 

/wdœ+ydy-^%dz\ /'-(a^w)dœ-^ydy+zdz\ 
^mR{^ J^mR\^ —^ j = 0; 

.'. mR^r -^fn R'dr\=0. 

The surface is clearly one of révolution. If the force;* 
vary , a& the powers n and n of the distances, 
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If the absolute forces are the same, and v^ry occpriding 
to the same pow^r of the distance, 

If the force be constant, nr=0; 

or the surface is that of a sphèrcâd, the centers of force being 
its foçi. If one of the forces be répulsive, one of \\ie qua^^- 
tities m, m' becomes négative, and we hâve 

or the surface is that of an hyperbolôid. If one of the centers 
of force be at an infinité distance, the surfax^e résolves itself into 
that of a paraboloid of révolution. 

Generally, if the force be constant, 

TUT + 1» r = c. 

And this is the équation to the surface of contact of two fluids 

of difiPerent densities attracted simùltaneously to two centers of 

constant force. But if the fluids be transparent, and their 

fit 
index of refraction equal to -. , the above is the équation 

ffi 

to that surface by which rays diverging from one of the 

centers will be refracted to the other. It appears, then, that 

if two incompressible transparent fluids be attracted to two 

centers of constant force, the ratio of whose intensities is 

equal to the index of réfraction, their common surface will 

be such as to refract light accurately from one center to the 

ôther. 

106. Ex. 3. If a cylindrical vessel of homogeneous and 
incompressible fluid acted upon by gravity, be made to revoïve 
about its axis, to deteirmine the form which 'will be assumed 
by the surface of the fluid. 

Taking the axis of the vessel for the axis of z, and its 
base for the plane wy, we haye Z = constant = — g: and 
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since the centrifugal force on any particle 18 a^p, p being its 
distance from the axis of rotation, and a tbe angidar vélo- 
city, tbe forces in œ and y are respectively a* a?, and a^y, 
taken positively, since they tend to increase the co-ordinates. 
Substituting therefore, in the gênerai équation for tbe surface, 

crœdœ + a^ydy — gdz = 0; 

the équation to the surface of a paraboloid of révolution, 
baving for its axis the axis of «. 

107. If ss^ be the value of % at the vertex, we bave, 
since at this point, <r = 0, y = 0, 

or, or + y^ ^(z — z) = 0; 

therefore — is the parameter of the generating parabola. 

108. Let a be the radius of tbe cylinder, and z^^ tbe 
greatest height to which the fluid is made to ascend; 

a 

2 2 

.•. z.. — JÎT = , 



// • j 



^g 



by which quantity the lowest lies below tbe level of the highest 
portion of the fluid. Also, since the content of a paraboloid 
is half that of the circumscribing cylinder, the volume of the 
fluid displaced, 

and therefore, the whole volume of fluid în the vessel is 
represented by 
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If, therefore, h be the height at which it stood before 
motion was communicated, we bave 



AIso, 
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.-.«„ = A + —, 
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a a 



whence it appears that the surface of the fluid ascends above 

and descends below its original level by the same quantity, 

a a 
viz. . 

109. Ex. 4. A rectangular vessel containing fluid, 
(Fig. 12.) is made to move along a horizontal plane TÂy 
by means of a weight P, acting over a pulley slî A; it is 
required to détermine the form of the surface of the fluid, 
and its position at aily period of the motion. 

The accelerating force communicated to the vessel, and 
in common with it to every portion of the fluid it contains, 

Pg 

is represented by -= — — , M being the mass of the vessel and 

fluid. Let an equal force be supposed to be impressed upon 
both in an opposite direction, and from the beginning of the 
motion ; then i^ill the vessel remain at rest, and the (relative) 
position of the fluid in it at the end of any given time will 
be the same as though both had been in motion during that 
time. Suppose the surface by the action of the uniform 
forces now impressed upon it, in vertical and horizcxital 
directions, to be brought into the position KL^ and to rest 
in that position. 

Let Qr = ^r, TN := y, QR =^ a, 



l^mmm 
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pg 

we hâve tberefore, JC = — — ^-î^» V = — gt * — 0; 

Pgdœ 
.'. =s -—2 — _ _ gdy, 

P + M ® * 
Pgx 

'^^pTm-^^' 

the équation to a straight line. Also, e = — gy^ ; 



Pa 



P + M 



Also, since if 6 be the original hdght of the fliïîd, the 
content of the section is a. h, and that in its présent position 
its content is measured by ^(y, + y^^o» ve hâve (the fluid 
being incompressible)» 

•'• y, + y„ = 26; 

hence, y=b + \-^^^. 
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110. Ex. 5. Suppose a cylindrical vessel containing fluid 
to be made to revolve upon its axis with an uniform angular 
veloçity (a), to détermine the pressure upon its sides. 

Let the spécifie gravity of the fluid be unity; 

l 

.55 • • 
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Now at'that part of the fiurfaoe which is immediatdy m^ 
contact with the coats of the vessel, let Ar = Ar^; also let the 
radius of the cylinder be a; 

Also at any point in the sides of the vessel 

And this beîng the pressure on an unit, we hâve for the pres- 
sure on an elementary annulus, 2pairdx. Therefore the whole 
pressure on the sides 

= 27ro^/(»,-»)d», 

taken from to »^. Also x^ has been shown (Art, 111.) to be 
equal to 

therefore the pressure on the sides is equal to 

-««'(* + 17). 

To find the pressure on the base, we hâve, if r be the 
distance of any point in the base from its center, 

Now as before, = - o'a*— ^», + c; 

R 
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dierefore the whole pressure 

= ir s a*a*-f - o*a*+^«^a*> taken from r = to r = a, 

^ ir^ \gx^ a*a*> , or, substituting for »^, 

Therefore the whole pressure on the base is equal to the 
whole weight of the contained fluid, as is manifest. 

On the whole, therefore, the pressure on the coats of the 
vessel is equal to 

iraglh-^—-\ -^wa^.h.g. 

To find what must be the radius (r) of the vessel that 

the quantity of fluid (A) being given, the pressure sustained 

by the whole containing surface of the cylinder may be a 

j 
maximum, we hâve, since 7rf^h=iAf and therefore h = • — ^ , 
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(^ + if) +^*=-^" 

/ A , aV\ /2aV %A\ 
\irr* ^g) \ ^g irW 



'- A 



a r 

4fg irr* ^ 

4 ^^g 

• ■n»' =: .1 • 

a* 



CHAR X. 



ON THE EQUILIBRIUH OlT. ELASTIG FLUÏDS. 

111. Def. Slastic fluids are such as bdng cbmpressed 
by any force are continually made to occupy a less space as 
that force is increased^ and recover their bulk again by the 
8€Mne degrees as the force is similarly diminished. 

112. Perfectly elastic fluids are those whose increase or 
diminution in bulk is exactly proportional to the diminution 
or increase of the force compressing them. To this class 
appear to belong ail the aeriform fluids presented to us by 
nature*. 

113. In every state of its density, an elastic fluid makes 
some efibrt to expand itself, and is therefore retained, when 
at rest, by some pressure. The density and pressure begin 
therefore together : and their incréments are proportional ; the 
density therefore varies as the pressure, or p=^C .D. 

114. If the only force by which an elastic fluid is acted 
upoh, be the pressure of the surface which contains it, it is 
apparent that this pressure disseminating itself equally through 
every portion of that fluid, the density in ail such portions will 
be the same. And that in its state of equilibrium there will 
be established between the pressures on différent portions of 
the containing surface of an elastic fluid, the same relation as 
obtains in the case of an inelastie fluid. Thus, if the pressure 
on any portions of surface A and A' be tepresented by P, P, 
we hâve (Eq. a) 

P _P^ 

A^ A'' 

Il I .1. ■■ - 1 • I ■ I i ' i ' - 1 II 1 1 II II ■■■ 

* Elastic fluiâs are fîirther distlnguisfaed into sueh as are per- 
manently elastic^ and such as under certain drcumstances lose their 
elasticity and assume the form of liquids. This distinetioa belongs^ 
however^ rather to Chemistrjr than Hydrostatics. 
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115. Also since, by the définition of elastic fluids it 
appears that the bulk diminisbes uniformly as the pressure 
increasesy and conversely, also since this is true sine UmUe^ 
it foUows, that the pressure varies inversely as the volume ; 
and calling V and V the volumes of the same quantity of 
fluid under the pressures P and P^, 

PF=P'F'. 

116. If the fluid be acted upon by forces other than 
the résistance of the siurface which contains it^ the densitjr 
will be variable. 

CaUing P the pressure on a surface J in a part of the 
fluid whose density is Z>, and taking F^y A\ 1/ similarly in 
any other portion of the fluid, we hâve, since the unit of 
pressure varies as Z>, ors=C. D, 

F^C.A'.D'i 
P_ JD 

117' ^^^ atmosphère which surrounds our Earth is found 
by experiment to be a perfectly elastic fluid. 

It appears, also, that the pressure produced on any plane, 
taken horizontàlly in it, is equal to the weight of a super- 
incumbent colunm (Art. 16.) Now since the weights of such 
columns diminish as we ascend from the Earth^s surface, it 
is dear that the pressure on any given surface in the fluid 
will diminish : and the density varies as the pressure ; therefore 
the density of the air will continually diminish as the altitude 
increases. Let us suppose for an instant an atmosphère of 
uniform density to siirround the Earth, and let h be its height 
such that the pressure at the Earth^s surface may be the same 
as in the case of variable density which actually obtains : then 
at the Earth^s surface we shall hâve, since ghi) is the weight 
of the superincumbent column, which by hypothesis is equal to 
the pressure, 

p^ghD. 
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119. Now pocD in ail cases. Therefore, generally, 

p-ghD. 

h is called the height of an homogeneous atmosphère, and at 
the mean density of the air at the EartVs surface^ it is found 
to be 4342 fathoms. 



119. If (Art. 22, Fig. 25.) z represent the height A' Â' 
to which the surface Â is raised above the surface A by the 
removal of the pressure of the air above it, we hâve, since 

p-ghDy 
hD^ziy, 

Ll being the density of the fluid. If, therefore, a- represent 
the ratio of the spécifie gravities of . the air and fluid^ 

jsr = A . cr. 

120. Since pocD, in every possible state of the density 
of an elastic fluid, it will exert some pressure or some effort 
to expand itself : it can never, therefore, be held at rest unless 
an adéquate pressure be applied to every portion of its surface. 
Thus if from a vessel containing an elastic fluid any portion, 
as for instance the superior portion, be removed, the remainder 
will not, as in the case of incompressible fluids, rémain at rest, 
but will expand itself until it is again retained by some in- 
tervening surface, or some pressure otherwise supplied. 

121. By équation ()3) we hâve, in ail cases of fluid equi- 
librium, where the accelerating force is gravity, 

p = -/DGdz. 

Hence, therefore, where the fluid is elastic, since 

pssc.D, 
cp^ --J*pGdx; 

P 
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Calling, therefore, a the radius ot the Earth, and M the 
height of any portion ci the atmosphère above its BUibce^ 



G- «■"* 



dp —ga* 



•"• c • — — 7 — : — Tg a* ; 



.*. C h, L -=7 = T^ T • 

n bemg the unit of pressure at the Earth^s surface; 



Slnce p^cDj and Use. A, if A be the density at die 
Earth^s surface, 



-ra» 






.-. Z)= A. €«(•+«>. 

Whence the density of the air at the EartVs surface being 
given, that at any given altitude above it is known. 

122. The density of elastic fluids is subject to consi- 
dérable variation firom a change in their température. The 
précis^ nature of the agent which we call beat, or the manner 
of its action in the dilation of différent substances, we afe 
not acquainted with: certain it is, however, that wherever 
we trace its présence in a greater or less degree, we meet 
with a proportionate increase or diminution of bulk. 

The subject is not properly one of mathematical enquiry, 
and we shall in the foUowing pages coiifine ourselves simpty 
to the statement of such properties of beat as are proved 
by experiment, and as are incidental to the proper subject 
of our investigation. 

123. In elastic fluids it is found that, under the same 
pressure, equal incréments of volume resuit, in the same quan* 
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lity of fluid, from equal incréments of température, as n^arked 
by the thermometer. Hence, therefore, it follows that the 
relation between the température (f) and volume V is ex-" 
pressed by the algebraical formula 

r=a + 5^ (p) 

in which f is the variation from that température (as marked 
by the thermometer) at whiçh the bulk of the fluid was a, and 
6 is the increase of that bulk for each degree of température. 

Now VD represents a quantity ôf matter which is given, 
since we are considering the variation of bulk produced by 
a variation in the température of a given quantity of fluid. ^ 

Therefore when the pressure is givi»i, 

Doc _. 

a + bf 

Also when the température is given, 

Docp; 
therefore, generally, 

. P 



D 



a + bf' 
cp 



1+af 

Where a ( = -* ) is the imrease of bulk in each unit of the 
fluid for every degree of température. 

.124. Now the température is taaad continuaUy to dimi- 
nish as we ascend from the surface of the Earth. The con- 
clusions we hâve therefore deduced, with regard to tbe density 
of the air at différent altitudes on the hypothesis of aiï equable 

P 
température are false, and instead of assummg D = - , we 
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must take it equal to ^^ „ . Whence by équation (/3) 



we hâve 



The complète intégration of this expression is impossible, sincé 
the variation of the température is not dépendent according 
to any known law on that of the altitude; that is, t^ cannot 
be expressed in terms of x. 

125. Since, however, a is exceedingly small, the variation 
of the quantity 1 + at^ does not materially affect the resuit ; 
and provided we take for V* the mean, \ {t"^ + ^°"), between 
the extrême températures t^ and i^'^ we may, without sen- 
sible error, consider this température as common to every value 
of jr*. Whence we get 



* It is found by observation^ that for small altitudes^ the tempe- 
rature decreases very nearly in arithmetical progression as the altitude 
increases in that progression. 

(1 +Qr)(a + 2y ™*^ ^ considered as the 
sum of a séries of fîmctions of z differing fiom one another by teason 
of equal incréments of %y and each divided by a corresponding value 
of the quantity (1 +a/*>). Call thèse fîmctions of 2, a, 6, c. . ./. The 
corresponding values of i^ aie in a decreasing arithmetical progression. 
Let the degrees of température be so taken that each shaÙ be the de- 
crem^it corresponding to each equal increm^it dzo£z: then 

f dz a h c 

+ ' 



1+. jc-(,-l)C 
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And calling p' the pressure at the earth's surface, 

AJso — = — , IX and D being the densities correspond- 
ing to the pressures p and jp; 

.•. h. 1. -rr = 



2> {l+ia(^' + OH« + ^)' 



= a(l-«f^>+*{l-*«*' + «} +«{l-«<' + 2«}-4-...+2{l.-«r'f (n-l)«} nearly. 

Now^ the variation of the température îs în a constant ratio to 
the variation of the altitude; 

.-. n— Is/'— f»ocz= Cz; 

a(a+2) a + 2 i « + ») 

â(a + a) ^^ \a + zj ^ 

=: {l^af+l Caz} , ^. . nearly 

= |i + ^ (<' + 1")} «(« + «) ""^^' 

See Appendix E, 
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The quantity a w found by experiment to be — vCTy 
nearly ; 



... D=:Zy.6^ "^^ •.. (<r.) 

126. The following method is by La Place. 

Let T be taken to represent the température. Then, 
when the pressure îs given, the volume of a given quantity 
of air varies as T; 

,\ D oc — ^, the pressure being given. 

Also, Docp, the température being given; 

P 
therefore, generally, 2> oc — ; 

• • 7» ' 

.-. h.l. p ^cgj ^^, 

considering. gravity as constant. 

Now, it appears from observation, that for small values 
ot z^. if the altitude be continually increased by the same 
quantity, the température will be uniformly diminished by 
the same quantity; 7 is therefore such a function of z, as 
for small values of x to decrease in arithmetical progression, 
as that variable increases in arithmetical progression. 

And further, if T' and T" be the températures at the 
surface of the earth, and at the altitude z^, T is such a 
function of z, as to give for its values O and z^, the quan- 
tities T' and T'\ Hence, therefore, T is such a function 
of z, as for small values of that variable, will coincide with 
the expression 



\ 

I 
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Sînce in thîs expression when « = T^T', also when « = «' 
T ^^'T , also for exceeding small values of ss^ 

J[ 5= T — ""i!? . -jl ; 9 . . 

whieh satisfies the remaining condition, namely, that T 
should decrease, as « increases in arithmetical progression, 
for small altitudes. 

Let i i-=A; 

/ -dz _ P -dz 
T ~J (7"* - &«)* 

Now, when » « 0, the intégral vanishes ; 

2 7" 



.■./^=|(^' -*.)'- 



A; 



= |(7'-7"); 
therefore, for the whole altitude from to i??^. 






77> • 



7" + 7" 
Now Tocn + e><» = c, (1 + af) ; 



.-. h. 1. -^ = ^g' o . J j,\< ' 
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K 1 ^ '^^*' 



^ l+lait' + t") 



which evidently coïncides with the former formula, if we 
consider a as exceeding great when compared with %; and 
therefore the gravity, as constant. 

127* Thèse formulas are used for the mensuration of 

heights. The fatio — is determined by observations with 

the barometer, as will be explained hereafter ; aûd thence the 
altitude z^ is known by the formula 

' Cg ^ 2 * \p/ 

128. Let us now apply the gênerai conditions of equi- 
librium to the case of elastic fluids. 

In considering the équation 

dp = Dd^y 

we hâve shewn it to be a necessary condition of equilibrium, 
that D should be a function of the force ^, that is, in the case 
of gravity, of the distance from the earth's center, or of the 
altitude z. ït has been shewn also, that D is partly a function 
of the température. It follows, therefore, that no equilibrium 
can exist in the atmosphère, or that it can never be whoUy at 
rest, unless the température be a function of the altitude, 
so that at the same altitude it may be the same over every 
portion of the earth's surface. Now, the distribution of 
beat over the earth's surface, is by no means equable, the 
température about the equator being considerably higher 
than that taken at the same altitudes near the pôles, and 
passing through every possible gradation in the intermediate 
space ; influenced by an infinité variety of local and temporary 
causes. The atmosphère is therefore, not in a state of equi- 
librium. Motion is said to prevail, among those portions » 
of it nearest to thé earth's surface, continually towdrds the 
equator, and among the superior portions, towards the pôles. 
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139. How fkr the condusions we havè dràwn with regard 
to thé density of the atmosphère when in equilibrium,^ are 
applicable to the case of continuai disturbance which actually 
obtains, it is scarcely possible to détermine otherwise than 
by experiment. And from this it would appear that the 
formula we hâve determined, for the variation of the density 
at différent altitudes, very nearly obtains, when thèse altitudes 
are measured above the êame portion of t}ie earth^s surface. 
The disturbance afiecting equally, it would seem, the whole 
superincumbent column. 

130. In the case of a perfectly «lastic fluid of uniform 
température, the équation (y) becomes 

h dp ^ p {Xdœ -h Ydy + Zdz) ; 

.-. hh.\. p ^/{Xdw + Ydy + Zd%). 

Ex. Let us take the case of a cylindrical vessel of air, 
made to revolve about its axis. It is required to détermine 
the pressure on any point of the containing surface, and the 
density of any portion of the revolving fluid. 

Let (a) be the radius of the base, (c) the altitude. Sup- 
pose the cylinder of fluid to be a column of the atmosphère,* 
and let ly represent the density at its base, (r).the distance 
of any point (a?, y, a?,) of the fluid, from the axis of the 
cylinder, and a the angular velocity ; 

.-. X = c?œj Y = a^y, Z = — ^; 

.*. h\\A. p ^f\a^œdœ + c?ydy — gd%\j 

h h.l. p = -c?T^ -^ gx + C.; 
2 

.\p=zC.€ 2A , 



D^C. 2A 



€ 



* The vigriatîon of température being neglected. 
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Now, to detomine the constant C, sihce ivrdrdzD is the 
content ot a solid annulug, we hâve for the whole fluid mass, 

The intégral being taken from r = to r = a, 

a 

= j- (€ a* - l)/e *^ d», 

a 



= ^(6^-i)(i-eM. 
taken from z ^=-0 tp itr = c. 

Now, the quantity of air contained, equals that which 
would be similarly contained in the homogeneous atmosphère, 

ce g 



.-. C = 



ga^a^lX. 






4 • j£x "■"■ """■ 



«*a* /ce 



also since © = A2); 

I 
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when c = infinity, the above expressions become 

a*r*-'2gz 

2h.(e^ - 1) 

j 1 a^gàS'Lf.e 2* 

»»d ^==2' ?^ ^' 

(e2* -,1) 

It is évident from thèse expressions^ that the density will 
be diminished near the axis of the cylinder, and increased 
towards its surface; and that by increasing the angnlar 
velocity (a), the raréfaction of the internai and the conden- 
sation of the external air may be carried to any required 
extent. 
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131. The forces, lost by the diflfërent parts of a System' 
in motion^ are by D'Alerabert's principle precisely such as 
would establish an equilibriùm in it. 

The forces, thereïbre, lost by the particles of a moving 
fluid are such as, beîng severally applied to those particles, 
will (under the same circumstances of form and pressure^ 
hold the fluîd at rest;* and thus we arç supplied with a 
means of passing at once from the conditions of the equi- 
libriùm of a fluid to those of its' motion, 

Let ^, (f>, (f>' represent in magnitude and direction the 
effective accelerâting forces on any particle /i, resolved parallel to 
the axes of «r, y and % respectively. And let X^ Y, Z he the 

forces impressed. Then are (-i^— (j>)j (F— 0')» (2^"~ <^")> ^^® 
forces lost. Therefore, by the gênerai conditions of equlibrium, 

■I ' ■ ■ ■ ■ ... .. . ■ I I ■ -É ! ■ 

*~ Motion produced among the particles, o£ ajluid mass, hy the 
action of any accelerating force, differs from the Jree and uncon-^ 
strained motion of the same particles, acted on by the same force, 
inthisy that the force impressed uppn eaçh particle is> in the former 
case, counteracted pro tante by the pressure of the adjacent particles, 
whilst in the latter it is nhotly effective, The différence between the 
effective accelerating fo^ce on any particle when its motion is un- 
constrained, and the effective accelerating force on the same particle, 
when forming part of a fluid mass, is therefore wholly produced by thé 
pressure of that portion of the fluid. in whidi it is found. If, there- 
fore, this différence were applied to that portipn of the fluid, it would 
just sustain the pressure upon it: and âupposing simîlar forces to be 
similarly applied throughout, and the same pressures* as before to be* 
sustained, the whole would be in equilibriùm. 

T 
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132. We shall refer the tnore gênerai considération of 
this équation tq a lucceeding chapter, and confine ourselves 
hère to that particular case in whicli the fluid is incompres- 
sible and homogeneous, and the motion uniform, or the 
accelerating force on each paréide the êmme, as it passes 
through the same point in space. 

The intégral {A) may be taken with regard to any séries 
of corresponding values of ét^ y, z, or with regard to any 
Une whatever of fluid particles terminating in /a. 

ihippode it taken with regard to Aoae particles whioh 
occupy the space through whioh pk haa moved. NoW^ by 
hypothesis, the accelerating force on any one of thèse is 
precisely the same with that hy which /t was impelled whea 
at the sama point in space. The intégral 

taken with regard to the wbole Une of particles at a giv^n 
instant^ is therefore équivalent to the same intégral taken 
with regard to the extrême particle durin^ the diligent 
instants ot its motion. Alto dw, dy, éz, which in equa»* 
tion (J) hâve référence to differené particleé, and are ta&en 
from one poitit in space to anotber, ate équivalent to + <2^9 
i. dffy ± dzf when taken to rtpresent the elementary spaces 
destribed j^^ffàllel ta thô axes by the samte partidé. The 
sign ± being taken according as the motion tends to inerettse 
th^ co-ofdteates or dimimish Xhtm. 

b fcéitig the velôcity ^f the particle al. Therefore, geùeiMy^ 
p = Bf{Xdm 4- Ydy + Zdz) + Dff>dv. 

Now, calUng P the pressure that would resuit if the 
same fbrces were impressed and the fluid at rest, we hâve 

P ±= DfiXdcB -r Ydy -V Zdz) ; 

/. p = P + ^^D^' -f C (5). 



See Appendix B. 
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Let it now be supposed that the fluid, having conti- 
nually been renewed under the same circumstances,. and 
accelerated by the same force at any the same point {œ, y, x) 
of its course^ has at length attained an . uniform velocity at 
that point. Then is v the velocity of any particle passîng 
through it, and therefore of a particle which has descended 
frotn the surface.) Let V be the velocity of this particle 
when at the surface of the fluid, and p' the pressure on 
the surface ; . 

.-. p-p' = pq:^Z)(«««FO , (Q. 

133. If a continuous fluid, wholly contained by the sides 
of a rigid vessel, be in motion, the same quantity of fiuid 
will pass, in the same time^ through any two given sections 
of that vessel. For if there enter more fluid by one section 
than escapes by the other, the intervening space will, at 
one time, contain more fluid, and if there enter less^ tess 
than at another. Both which cases are impossible, since the 
fluid is incompressible and the space given. 

134. If the.area of one section be exceedingly small 
as compared with that of the other, the (mean) velocity of 
the fluid passing through it will be exceedingly great as 
compared with the (mean) velocity of that passing through 
the other. 

135. If the sections be supposed to be both perpen- 
dicular to the direction of the motion of the fluid through 
them, and F, v be the mean velocities, iT, k the areas of 
the sections; then are KVdt and kvdt the quantities of 
fluid which pass through thqm in the same time dt ; 

/. KVdt- kvdt -^ 

.-. KV = kv. 

136. If a stream of fluid constantly renewed and movîng 
with an uniform velocity, be allowed to descend freely from 
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a giyen height ; the descending portion of it will eventually 
acquire an invariable form. And, this state being attained, 
the same quantity of fluîd will pass, in the same time, through 
any two ' horizontal sections of it. For otherwise the inter- 
rening fluid mass would alter its form, which is contrarj to 
the supposition. Now, the vdocity of the descending particles 
is manifestly greater in the lower sections of the stream than 
the higher. The lower sections are therefore less than the 
higher, and the stream contracts as it descends. And simi- 
larly it may be shown, that if thç stream be thrown upwards 
it expands as it ascends. 

If we conceive ail the particles of each horizontal section 
to hâve descended at the same instant from rest, and to hâve 
acquired the same vdocity in the descent, viz. that due to 
the height; and further, if we conceive the différent hori- 
zontal sections of the stream to be similar planes ; then, 
taking any Vertical section of the stream for the axis of J7, 
the horizontal sections will. vary as j^^ AIso, measuring œ 
from the point whence the stream falls, the velodty will 

vary as ai/w; 

.*. VK oc f^ A^/^= constant = c; 

4 ^ 

Every vertical section is, therefore, hownded by an hyperbolîc 
curve determined by the above équation. 

If the fluid in the act of being let fall, be projected 
with a vdocity due to the height a, we shall hâve 

4 » 



a + œ 



The sîgn + being taken according as the fluid is projected 
upwards or downwards* 

Thus it appears, that the stream thrown up by a foun- 
tain, is nearly that formed by the révolution of a hyperbolic 
curve of the fourth order about an asymptote. 
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CHAR IL 



ON THE MOTION OF FLUIDS THBOUOH 8MALL ORIFICES. 

I 

137* liET the médium into which the efflux takes place 
be supposed the same with that, in contact with the surface 
of the fluid, as where the vessel is open and immersed in 
the atmosphère. The pressure at the orifice and surface 
are in this case the same. 

We hâve, therefore, (Art. 132.) if « be the velocity at 
the orifice, and P an unit of the pressure, it would sustain, 
if closed, 

/. «« = F« + 5tf{Xdœ + Ydy + Zd%). 

138. Suppose the fluid to be acted upon by the constant 
force of gravity, and to fl^w through an orifice any where 
situated in the containing vessel. Now, if it be kept con- 
tinually at the same height, the condition of uniform accélé- 
ration, we hâve supposed, will manifestly obtain; and we 
shall hâve «* = V^ + Qgx^ v being the velocity of any par- 
ticle of the issuing fluid. 

If the fluid be not supplied at the sàme rate in which 
it escapes, the position of the surface will no longer be sta- 
tionary, and the hypothesis of uniform accélération will not 
obtain. Since, however, 

is the velocity which would be acquired at the orifice, if 
the surface remained stationary during a certain time in any 
one o{ its positions; it is clear, that the actual velocity 
will approximate continually to this, as the motion of the 
surface takes ]^lace more slowly, or as it remains longer 
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in each of the positions it assumes. That is, according 
as the efflux a^proaches more nearly to the influx, or, if 
there be no influx, according as the aperture is less, when 
compared with the surface of the fluid. Now this approx- 
imation may be carried on aine limite. Also, when the 
area of the aperture vanishes as compared with the surface 
of the fluid, V vanishes as compared with v. Therefore, 
on the whole, 

is a limit never actually attained by the velocity in any 
position of the surface, but continually apprôximated to, as 
the area of the aperture is less when compared with it. 

It will be observed, that the velocity v is that which 
is said to be dtœ to the height (z) of the fluid above the 
orifice, or which would be acquired by a body falling freely 
through that height. 

139. If the aperture be so contrived as to direct the 
stream of issuing fluid obliquely upwards, and the surface 
be kept continually at the same height, each particle of the 
issuing fluid (supposed to be proj«cted freely in space with the 
velocity due to the height) will be made to describe the same 
parabolic trajectory, and the whole jet will assume the fprm of 
a parabola. The range on a horizontal plane passing through 
the aperture being represented by 2» sin a, the height by 



\/?^. 



z sin* a, and the time of flight by 2 y — . sin a. (See 
Whewellj 238.) 

140. The point where a jet will meet a horizontal plane 
situated beneath it, may be determined by substituting the 
distance of the plane beneath the jet, for y in the gênerai 
équation to the trajectory, {Whewellj 240.), and solvîng with 
regard to œ. 

Let it be required to détermine where an aperture must 
be made in the side of a prismatic vessel of fluid, that the 
jet may strike a given point in the plane on which it stands. 
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Take a to represent the height of the surface of the 
fluid above the plane, and y the height of the orifice; then 
îs a — y the height due to the velocity at the orifice: and 
calling h the distance of the given point from the base of 
the vessel, 

— y = 6tana--7 r —\ 

4(a — y)cos^a 

whence we obtain 

y = 1 {(a— 6 tan a) ± ^àr + ^ah tan a — 6^}. 

If this expression be possible, there are two positions 
of the orifice, for which, the point where the jet strikes the 
horizontal plane will be the same, (see Fig. â6.) the angle 
of élévation being the same in both cases. 

141. If by reason of the descent of the surface or other 
causes, which will be hereafter explained, the particles which 
at any time form a part of the jet, hâve not ail been pro-^ 
jected from the orifice with the same velocity ; différent pa- 
rabolas, APC^ AQB (Fig. 35.) will be described, and the 
stream will cease to be continuous ; the dispersion being 
greatest near the extremity of the range. 

To jind the time in which a vessel will empty itsélf 
through an eœceeding small aperture in its base. 

142. If K represent at any time the area of the surface 
of the fluid, k a section of* the aperture, v the velocity of 
effluence, and dz the descent of the surface during the in- 
crément of time dt; then is Kdz the quantity by which 
the fluid in the vessel is diminished in the time dt, and 
kvdt is the quantity which flows through the aperture; * 

.'. kvdt= — iTd^f. 

The sign — indicating, that thp* height « of the surface is 
diminished by d%. 
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1 p — Kd« 

Now. «=^2^*; 't-^-QTgJ '~:jT- 

Ex. 1. Suppose the vessel to be prismatic, so that the 
horizontal section K may be the same throughout; 

where a is the value of » at the beginning of the motion. 
For the whole time of efflux we hâve 

Now, if the surface had been kept continually at the same 
height (a), and the same qucmtity of fluid as in the former 
case had flowed out in the time ^, since the velocity of 

efflux would hâve been uniformly equal to tJlLgây we should 
hâve had 

• ^=_^?_ = i/ 
143. ' From équation (l) we obtain 

••" "" K * 2K^^' 

Now, the right-hand member of this équation is the expression 
for the space which would be described by a body projected 

with the velocity ■ - — , and retarded by the constant 
force -T^j-. Also, sj%ga is the velocity at the aperture, 
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and therefore ^ • that of the surface at the beginning 

IL 

ot the tiine t, and a — % is the space described by the surface* 
The motion of the surface is, therefore, retarded by the 

constant force -=5 • 

Ex. 2. To find the tîme in which an ellipsoid will empty 
itself through a given exceedingly small aperture în its vertex, 
when placed wîth its greatest axis in a vertical position. 

Let a, fe, c be the semi-axes of the ellipsoid, and a?, y 
the semi-axeà of the elliptical surface of the fluid, at any 
given period of thé efflux. Also, let x be the distance of 
the surface from the center of the ellipsoid; 

u a 

4 wbc 
Sa 

,\ kj^^g^a-'X) . dt = {a^''Z^)dx; 

s a 

4i7rbc 

= '^\t^\ta(2a)^^U^aM =?!![i^*, 
3ka^2gls 5 ) 4,5k^ 

îf the aperture k be suj^sed to be formed by a section -of 
the vessel at an exceecfing small distance jc from its vertex, 

*=- {a*— (a - /r)^| = -irbcK. very nearly; 

8ai 
• i? = 



U 
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The time îs, therefore, on this hypotbems, independent of 
the magnitude of the axes b and c, and is the same in the 
ellipsoid, spberoid, and sphère. 

Ex. 3. To find the time of emptying a vessel, fonned 
by the révolution of a cycloid about its axis, throu^ a 
small aperture in its vertex. 




m 

fyœ\dy=^fys^2a^xdw^ — - •y(2a-a?)t4--y(2a — a?)*dy. 



■. t = 



And taking this intégral from 

â7 = 2a, y^ira to ârsO, y = 0, 
we obtain for the whole efflux 






l-'-S- 



Ex. 4. A vertical cylinder of fluid revolves uniformly 
about its Iaxis ; to find the time of efflux through an exceed- 
ing small aperture in its side. 

Let a represent tl|e angular velocity and a the radius 
of the cylinder. Also, let the height of the lowest point of 
the surface of the fluid above the aperture, be represented 
by «r. 
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Then (Art. 106.) 

therefore, 

Now it has been shown, (Art. 108.) that if ^ be the 
quantity of fluid at any time contaiiied in the vessel, 

Taking the intégral from z^=^c to z^^^O. 

Ex. 5. A vessel containing fluid which flows oùt throùgh 
a small apçrtùre in its base, is drawn vertically upward^s 
by means of a weight (Fig. 37.) acting over pullies. To 
détermine the motion. 

Let K represent the surface of the fluid and k the 
aperture, z tlie height ot the surface above the aperture, 
and / the aôcelerating force on tlie vessel and fluid upwards. 
Also, let C be the sum, and (f the différence, of the mass of 
the vessel (without the fluid), and themass^jp of the weight. 
ïhen is the accelerating force on the System represented by 

Suppose this force to hâve been commihiicated in an opposite 
direction to the vei^l and fluid in the beginning of the 
motion. The motion of the fluid, with respect to the vessel, 
will be the same on this hypothesis as m the case < whieh 
actually obtains, and the vessel will be at rest. Hence, 
since g-^f is the whole accelerating forcé impressed down- 
wards, on the above hypothesis, atod that the aperture is 
exceeding small, we hâve 
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''* = 2/(^+/)d« = 2«'* + 2^/^q:^^d«r 



= 4P^/j 



dz 



C +fKdz ' 

Suppose the figure a paraboloid of révolu tioD. Hence 

J^Kdx^ss'n'Cx \ 



4>Pg 



l'-'A'^h'AT)'-} 



C 

If 7rcx\ &c. be exceeding small, as compared with C, 

u = 2 y — ~- , or it equals the velocity with which the 
fluid would escape, if the xessel were at rest, multiplied by 
\^ — . The tîme in the former case wiD, therefore, be 

/2P 

found by dividing that in the latter by \/ — -. 

144. If we conceive a vessel, from which fluid escapes 
through a small aperture, to be continually supplied by a 
£tream, moving at any given time with a yelocity v\ and 
furnishing in an unit of tîme a quantity of fluid represented 
by k'v'i the fluid contained in the vessel is on the wholç 
increased in the tîme dt hy (k'v' ^ kv)dt; 



^gx 



Ex. 1. If the vessel be prismatic and the influx constant» 
K and k'v are gîven; 

dx 






kju ^ 



% 
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1 ' * 







2jr 



V^-^-^^--'-^5^'i- 



-*Viïr -"^"^ %7:^ 

takîng the intégral from z^ to z. 

We may conceive a certain tirae when the efflux shall equal 
the influx, and the surface of the fluid become stationary. 
Now, when thîs takes place, 

But when z=cay #=oc*y. The surface of the fluid wilî 
not, therefore, in the above instance, become stationiury iit 
mj finite time. 

Ex. 2. Let us suppose the influx to take place from 
a sn^all aperture in a cylinder containing a given quantity 
of fluid. 

It y he the aperture in the cylinder, and «' the velocity, 
the influx 

= A/« =A?'^ig^ = ifc'>>/i^-^ ^, (Art. 142. Ex. 1.). 

Also, if V and k represent the velocîty and aperture in the 
vessel, 

{ok''^vK)dt^Kdz'y 

By the solution of this differential équation z is known in 
terms of t. 
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♦ 

If the surface of the vessel be formed by the révolution 
of the hyperbolic curve, whose équation is y*fS = c^ about 
its asymptote, 

X 

a linear équation, which may readily be integrated. 

On the Motion of Fluide through amall Apertures in a 

System of communicating Vesêels, 

* 

145. Suppose three vessels to be placed one above 
another, .and let tbem comftnunieate by sttiâdl horizontiJ aper- 
tures in their basent. Let the height of the fluid in the 
higheèt vessel be «r, and tbe distance between its base ailcl 
that of the second vessel ns^; and similarly, let ns^ ^ ^^^ 
distance between the base of the second vessel ttid that of 
the third. 

Let t7j be the velocity of efflujt from the first into the 
second vessel, v^ that from the second into the third, and 
V the final velocity of efflux. Also, let p^y P29 p he the 
pressures sLt the orifices of the vessels respeelivdiy, p being 
the unit of atmospheric pressure ; and let the base of eaSh 
vessel be supposed to be immersed in the fluid contained 
by that beneath it ; 

•• Pi - P = Dgx - ^i V» P^-Pi^ Dg^i - ^^<^ 

p-p^^Dgz^-'D^v^:, 

therefore, by addition, 

Now, if we suppose, fluîd to be uniformly supplied to 
the upper vessel, and the surfaces of the fluid in the olher 
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Vjesseb to hâve become statioiiary, we shall hâve, calUng 
A?i, Ajg, k the areas of the apertures, 

P ;g -h jg^ -f jyg "^ 

^^ . ^ /i JL i.' 




2^ 



And sîmilarly îf there be any number of vessels, and h be 
the height of the base of the highest above that of the 
lowest, and % the height at which the fluid stands in the 
highest, we shall find 




/ 



x-\-h 






^/-(D■ 



k 
If the influx be given, vk,ia given ( = c); 

146. Let two vessels (Fig. 35,) communicate by means 
of a common aperture P, so that the fluid may aspend 
in Aj whilst it descends in B. 

Now, the motion in A tends to increase the height « 
of the surface above the orifice, whilst the motion in B 
tends to diminish it : therefore 

represents the pressure at the orijSce in the former vessel ; and 
that in the latter, p' being the unit of atmospheric pressure^ 
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and z^y «^ the heights of thc surfaces abovc the common 
orifice ; 

147. To find the time in which a gîven quantity J of 
fluid, poured into one of the vessels and flowing through 
the aperture, wiD attain the same level in both. 

CaUing K^ , JT^ the areas of thc surfaces of the fluid 
at any given time, we hâve 

fK.dz, +fK,dx, = A (1), 

alsOy kf)dt = K^d%^ ; 






(2), 



Âlso JT, and K^ are given in termft of jv,, «29 since the form 
of the vessel is given; hence z^ may be eliminated from 
thèse équations, and the value of t found in terms of sè^. 
Now, the particular value of x^ for which it equals «g, is 
given by équation (l) ; therefore, &c. 

Ex. 1. Suppose the vessels to be both prismatic; 
/. ir,», + ir,«r,=J, and <=^,^ f -==Jh==^= , 



which intégral, taken from «1 = to «4 = , gives 



• It is clear that this démonstration will apply to the case in 
which the vessels are separate, the apertures being joined by a 
horizontal tube. 
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Ex. 2. Let us suppose the prism into which the influx 
takes place, to be closed at the top, and let a be its height. 
Then, if p" represent the unit of pressure on the surface 
of the fluîd in this vessel when its height is «i, and p' the 
unit of atmospheric pressure, we hâve 

p {a^zj=^p a; /. j» = 



a-^x^ 



Now, p" -f (gz, + it?«>Z>=:=p' + (gz^^ i^') -»; 



.-. «^ = g'(^2-^i)- 



P^i 



(a - x^) D 



Or, if the height of a column of the fluid whose weight is 
the same with the atmospheric pressure on an area equal 
to its basé, be represented by k; since 

p' = ghD'^ •• ^' = ^(*2-«i)"--/|— T- 

Now, JTj^i + iTg^rgSs-^y 

therefore, eliminating «^^ 

If we make t7 = 0, we shall obtain two positions of the surface 
in which the velocity of influx will vanish. 

148. If there be any number of vessels communicating 
as above, and having their common orifices in the same ho- 
rizontal plane; calling K^^ «^, A?„, v^ respectively, the area 
of the fluid in the n^ vessel, its height aboyé the orifice, 
the area of the orifice, and the velocity of the fluid passing 
through it ; aiso taking similar symbols with regard to the 
other vessels; since 

X 



h the cjcceds ôf the fluW which enêerê the n^ vessel above 
tlidt irhich escapen trom it in the time dtj we shall hâve 

Also, «^^«'(«^«-i-^n) («)• 

And calling ^ the whole volume of the contained fluid, 

2/^„dsr. = ^ (3). 

Now there are n— 1 of each c^ the équations (1) and (2). 
We hâve, therefore, on the whole, 2n— 1 équations; by 
means of which any one of the 2n quantities, t^ o^, x^^ &c. 
may be determihed in terms of any other of them. 

149* In the case ni whidi the System consista of two 
vessels, let us suppose s stream of JheU io Jlaw conimuattg 
into one of them^ and let the quantity supplied in an unk 
of time be^ at any period of the motion, av; 

/. K^dx^-k-Kr^dsSo-^avdti 

aiso ^n/^{^«— ^i) • dt^K^dssy 

Now, since the circumstances of the influx are given, 
V is given in terms of t. We may therefore eliminate one 
of the quantities, PSy^ x^^ /, between the above équations, 
and establish a relation between the remaining two. 

Eliminating dt^ 

KydXy > K^dx^ = — - y I . . 

If the vessels be prismatic and the influx unîform, this 
équation may be rendered integrable by assuming 

^ÎTg — Sfj =85 W, 

If the influx be such as to keep the fluid constantly at 
the same height in the vessel into which it flows, Zo îs 
constant; and the équation 

t = ^ _ f ^'^^' 
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may be integrated immediately. If the vessel be prismatic, 

»3 being the value of x^^ at the beginning of the motion. 

150. Let us now take the case in which the fluid 
escapes through a small aperture in the last vessel. First, 
let there be two veâsels. Then, sînce the whole quantîty 
of fluid which has been poured into the first vessel is equal 
to that whidi is at présent oontained, togeth^ wkh that 
which has escaped, 

Also, as before, 

Whence, by eliminating and reducing, we obtain 



If the vessels be prismatie, the variables will be sieparated, 
and the équation rendered rational by assummg 

151. If the surface of the fluid in the first vessel be 
kept constantly at the same height, 

%^ = constant = a ; 

^ ^2^2 — .^1^1 '"•^ ^j s/siP' — ^2) — *a \/2^«^2 

If thçre be any number (w) of vessels, it may be shewn as 
before, that 

^J*Kdx + kfv^dt = J, and v^= s/^S^n* 

Thèse, together with the équations (1) and (2) of . Ar;t. 148. 
make up 9.n équations, determining any one of the 2/»-<Hl 
quantities, /, »„, .v,,, &p. in terms of any other of theip. 
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CHAP. III. 



THE MOTION OF FLUID8 ON THB HYPOTHB8IS OF PABALLEL 

SECTIONS. 



Uniform Motion through an Aperture of finite Dimensions. 

152. AccoBDiNG to the Jiypothesis ot parallel sections, 
the velocities of ail the particles in any horizontal section 
of a descending fluid, are at any given instant the same; 
so that in theîr descent the same particles are continually 
found in planes which are horizontal, and therefore parallel 
to one another. 

We hâve shown, that on this hypothesis, if V and « be 
the velocities of the particles in any two descending sections, 
K and A;, KV^zkv. 

153. Let us take the case of a vessel having an hori- 
zontal aperture in its base, to which the fluid is continually 
supplied at the same rate, so that its surface may eventually 
become stationary and its motion uniform. Now, when this 
State of uniform motion is attained, we hâve (Art. 132.) 

or, since KV=kVj* 

At the orifice p=p' ; 

2P 






K-^) 



* In this theorem^ it is only necessary to suppose ail the par- 
ticles of the higker anà hwer sections to move with the same 
velocities. 
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t 

If the fluid descend by the force of gravity, P=zDg%, and 

2gx ^* / *^ 



t>« = 



2s \ JTV 



Ex. 1. Fluid is supplied with a given uniform velocity 
to a vessel in the form of a truncated paraboloid : it is 
required to find in what position its surface will become 
stationary. 

Let / represent the influx in an unit of time, a the 
distance of the aperture from the vertex of the paraboloid; 

k a 

K a + % 

Also, the motion being uniform, the efflux is equal to the 
influx, or vk = L Now, k=:iwca, c being the parameter 
of the paraboloid ; , 

/ 

.«. tJ = ; 

irca 

P 2g% 2^(a-f«)^ 



• • 



TrVa* / a V 2a -{-z 



-(— ) 

\a^z/ 



P (« + «)' 

Let — 5-5-v- = 2'y; ••• ^=2^; 

27rVaV ^ .2a-\-z ^ 

whence z = {y^a)± ^y^-\'2ay. 

Ex. 2. Where jnust a semi-ellipsoidal vessel be trun- 
cated, that being kept constantly filled, the efflux in a given 
time may be the greatest possible? 

Let z be the distance from the. center at ,which the 
required section must be made, and a, 6, c the semi-axes 
of the ellipsoid. Now, (Art. 62. Ex. 4.) 



c' V- -n "--' ^ ^ 
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.'. v = 



1 



-r-i^) 



.-. «•Ar= — — — 3 — ^= max.; .-. -^j ^= max.; 



9 

whence we obtain, by the usual methods, 

^*«3cV-2c* = 0, or z=\/ ^±^ .c. 

2 

If it be required to detemime where the section must 
be made, that the velocity of eflBux may be the greatest 

QffC^ / 2 

possible, we shall hâve — ^ r=max.; whence « = c V/ - . 

Unifarm Motion through a vertical Jperiure ofjinite 

Dimensionê. 

164. We hâve hitherto supposed the aperture to be 
horizontal. Let us now conceive fluid to escape by a vertical 
aperture of finite dimensicms. 

Let y be any horizontal ordinate of the aperture, z its 
depth, and v the corresponding velocity of the effluent fluid. 
Then is vydz the efflux through an dément of the aperture, 
and J'vydz is the whole efflux, referred to an unit of time. 
Therefore, each particle of the surface of the fluid being sup- 
posed to descend with the same velocity, KV^^J*vyd%. 

Now, t?^ := F* -I- 9,gz ; 

r.fyiV^-^^gxy^dz^^KV. 

Ex. I. Let the aperture be rectangular; 
.-. y = const.=c; fy{V^-\-Zg%)^dz = cf{V^Jr2gz)\d« 
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takîng the intégral flrom «fj to », + a ; where «f, is the depth 
of the top of the aperture, and a its length ; 

••• ^ H »"* + 2^ (*i + «)1 » - ( >"* + 25*i)M = KV. 

From thîs équation V may be determined, the position of 
the surface being given ; or the position of the surface may 
be found^ the influx KV being giren. ^ 

Ex. 2. Suppose y to vary inversely as t?, so that y = - ; 
and taidng the intégral tlnoaghoat tbe length a of the ap^ture. 



a « 






,* j-» ■ a > ^ zK^gz-^-a^à"' 



On tmif&rm Motion in communieating Vessels. 

155. Suppose the vessels A and B to communicate at 
their bases; and let a fluid acted upon by gravity be sup- 
plied so as to remain constantly at the same height in A, 
whilst it flows over the sides of JS. Now, if % be measured 
from the surface of Ay it is clear that the motion in the 
vessel A tends to increase that quantity, and that in J9 to 
diminish it: we hâve, therefore, calling V and i) the velo- 
cities of the surfaces in the two vessels, p' the unit of 
atmospheric pressure on either surface, and % the diflerence 
of their altitudes ; in the vessel A^ p' = — ^ V^ + C, and in 
the vessel B, p'= — ê^^ + ^^ti^ -h C (Art. 132.) 
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Now; if we suppcMK the partides in the two surfaces to move 
ail of them wiÂi the same velocity, 






therefore, the efflux = «A = V y^ TT • 

If the surface JT be infinité as compared with Ap, v'^2gz. 



Ex. Two similar paraboloidical vessels (Fig. 40.) are 
placed vertically above one another, and there is made an 
horizontal aperture near the vertex of the higher vessel, 
through which a fluid flows into the lower, and escapes / 
over its sides. The fluid being uniformly supplied, it is 
required to détermine when its surface wiU become stationary 
in the higher vessel. 

Let Q represent the constant influx in an unit of time, 
a the distance of the vertex of the upper paraboloid below 
the level of the edges of the lower, b the axis of the lower 
paraboloid, and c the parameter of either vessel; 







.-. *= 


TTCb 


' — irca^ Jr= 


7rc(« + fl); 






« . 


0*= 


» 1 1 


» 












«)• 






(6-a)« ' (« + 

1 




whence 


by 


réduction 


we obtain 








«». 


f (20- 

1» 




8r* + (a — 2a)ajîr + 

Q* 


a(b- 


■ay=0; 



iir*g(?{J)-ay 
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On the variable Motion of Fluids. 

» 
166. To investîgate the variable motion of fluids on 

the hypothesis of parallel sections in its ïnost gênerai form, 

let us return to the gênerai équation of Art. 131. From 

whence we obtain 

p -f\Xdœ + Ydy + Zd%\ T/D{(f)dx + 0'dy + ^''dz] . 

Let ds represent the space described in the time dt, by 
the particle whose co-ordinates are a?, y, z, and v its velocity ; 

then is — the effective accelerating force upon it. 
av 

^dv dœ ^ ^ dv dy „ ^ dv d% 

.'. p=fD{Xda}'\-YdyfZd%] -{- i D< -^ V— 

=/2> {Xdœ + Ydy + Zdz} tTd ^ ds. 

In the case in which the fluid is homogeneous, and the 
force that of gravity, 

/dv 
■^ds (J). 

Now this intégral must be taken throughout a line of 
particles extending to the surface of the fluid, at the given 
instant when the motion is tp be determined. 

The quantity v is manifestly a function, as well of 
the position of the whole mass of fluid, as of the position 
of the given particle within it; or ît is a function of t 

/dv 
—- ds is to 
dt 

be integrated at a gioen time, or eœclusively with référence 
to the variables «r, y, %* To do this, we must clearly, in 

Y 
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dv 
the fîrst place, endeavour to express — in terms of œ, y, x^ t^ 

Cvv 

the variables on which it dépends. With this view, let us 
hâve recourse to the hypothesis of parallel sections. 

157- Let it be assumed that the motion is such that 
a plane being taken, at any instant, perpendicular to the 
motion of any particle of the fluid, ail the other particles 
at the same instant passing through it, will move with the 
same velocities and in directions also perpendicular to it. 

• 

Let K be the area of any section taken as above, and 
k that of any given section of the vessel or other containing 
surface through which the fluid is made to pass. Also, 
let i; and v be the velocities of the fluid corresponding to 
the sections k and k. 

_ vk 

,'. vK = vk; .'. v= — . 

K 

Differentiating with respect to t, 

dv k dv vk dK k dv vk dx ds 
di '"^k' dû "^ 1? "di "'k di "^ 'i? 'de di' 

. ^ ds kv dv . ^ dv ds ^,_ d/c 

but — = i; = — ; .-. —^ ds = k-- v^'Ar.-T. 

dt K dt dt K K^ 

dv 
Now V, and therefore --, is a function exclusively of 

the timcj the position of the section k being given. Since, 

therefore, the intégration is to be performed considering ^, 

dv 
and therefore v and -— , functions of that variable, constant ; 

dt 

/dv ^ ^ dv pds , v^k^ 
..^ ds^k-rr- I hi — -r- • 
dt dtJ K ^ K^ 

_C. dv pds -.v^k^) _ 
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158. Let us take the case in which the motion tends 
to increase the co-ordinates. Let K be the area of an 
ewtreme section or surface of the fluid, and let «^ be the 
corresponding value of %, and N the value of the intégral 

/ds 
— , taken from z^ to %. Also, let p^ be the value of 

the pressure on the surface. 

.-. p-p,=^ («-«,)- ft^^jsr-^««A«(i -^) (5). 



On the accelerated vertical Motion of a Fluid. 

159. Let us suppose the motion to be wholly vertical, 
and the fluid to be contained in a vessel, through an hori- 
zontal aperture in whose base it escapes. 

N0W5 the section k may be any whatever of the vessel. 
Let it coïncide with that made by the surface of the fluid, 
or let A; = JT; also, let V be the velocity at the surface. 

Now, at the orifice let k be the value of k, and a the value 
of %: also, to simplify the notation, for z^, ,write z, Then, 
since at the orifice />i=p; 

è 

dV 
Now, — is the accelerating force on the surface of the 

dt 
fluid ; also z is the depth of the surface below a given fixed 

point ; 

dV 
... —dz=VdV: 
dt 
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and multiplying by dx, we hâve 



Now, 



i KN ) 



"»^ (W) 



are functions of x: the above is, therefore, a linear équation 

• 

If V represent the velocity at the orifice, VK=vk; 

* -^ \-mr/'^' M /a-z\ ^ V-KÂr/"' 






•/l^K^O^ '''' ^* + ^|^ 



which équation involves a complète solution of the problem. 
Suppose the vessel to be prismatic. In this case, 

.: v^ = ^(a-z)^'^ ^.{2gf(a-z) ^'^ ^dz + C], 
taking the intégral from to jît. 
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If jr* = 2Af', we hâve «*=-, and the intégral fails. 

We must in this case retutn to équation (D), by substitu- 
tion, in which we obtain 

g{a-x)dx-{a-x)VdV-^Vdz=:0; 

dx (a-z)dV^.'-r'd(a-x) 

... 2e ^; î: ~ = 0; 

^(a-x) (a-xy 

, , / « \ y^ 

.: r*=zig{a-x)h.l(-^Y, 

\a — x/ 

m 

The velocity is a maximum when 



% 






160. If the fluid be continually retained at the same 
given altitude A, the quantities %, K, N are constant, 
and the équation (C) may be integrated immediately. By 
transposition we hâve 

KNdV 
.-. dt = 



gA-iir*F'(l-^)' 



• • 



t = 



^^ h.i. 



\/^gh+v\/Ç 



\/..K?-0 
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Now, rA; = VK; 

t== — , h. 1. < , V + c. 



V^gh {^ - j,) l ^/ïgh- 



When t = 0, v = 0', .'. C = 0. 






Let — = X ; 

iV 



— c » 



whence 






161. As t increases, the quantity — ^ continually 

approaches. to unity as its limit, and the value of v to 






whîch expression we hâve before shown to repre- 



sent the velocîty of the fluid, when the motion has at length 
become uniform. 

It appears then, that on the hypothesis of parallel sections 

the velocity can ne ver strictly become uniform. If, however, 

k be not very nearly of the same magnitude with JT, and 

the altitude h be not exceeding small, the value of \ is in 

ail cases comparatively great, and the greater continually as 

k 
the ratio -~ is less, and the altitude h greater. The fluid 

II 

may, therefore, in the case we hâve supposed, be considered 
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to attain a yelocity which îs very nearly uniform after a 
finite or even an exceeding small interval of time. 

162. In the case in which 

k-=^Kj \ = 0, and u = - . 

The solution fails, therefore, and we must hâve recourse to 
the équation (C) ; whence we obtain, making A; = JT, 

ghdt = KNdV; .\ ght^KNV, 

Hence it appears, that in this case the velocity of the de- 
scending fluid continually increases with the time, and that 
an uniform motion is never attained. 

163. If k be greater than K, and 



X = 



v/^.* a-. - k) 



N 
2gh ^* z^^*^"^ — 






tan -— . 
2 



In this case, therefore, as in the preceding, the velocity 
increases with the time, until X# = tt, when it becomes 
infinité. It appears, then, that according to the conditions^ 
supposed, no Jinite influx can keep the fluid constantly at' 
the same height in the vessel, during a time represented 

by the formula ^ = -- . 
•^ X 

164. Let us suppose fluid to descend in a vessel formed 
by the combination of any number of smaller vessels. Let 



i 
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*9 ^1» ^2 9 &^' ^ respectively the distances between the 
surface and aperture in the higher vessel^ and the distances 
between the apertures in the rest of the vessels; let K^j K^, K^ 
represent the surfaces of the fluid in the vessels, and k^jk^y k^y 
&c. the apertures. Also, let p^, p^j Ps^^^Pn be respectively 
the pressures at the apertures. Then is p^ the pressure of 
the atmosphère on the surface of the fluid in the upper vessel. 
Therefore (Art. 157.) 

&c. = &c. 

If, therefore, a represent the height of the aperture of 
the highest above that of the lowest vessel, and N the sum 
of the quantities JVj, N^y &c. 

Now, k may be any section whatever of the' vessel, v being 
the velocity through it. As before, let it coincide with the 
siu*face JT. Then, multiplying by -^d%, we shàll hâve 

From this linear équation ail the circumstances of the motion 
may be determined as before. 



CHAP. IV. 



ON HYDRAULKIS^ OR THE MOTION OF FLUIDS IN PIPBS. 

To détermine the motion of an incompressible fluid in an 
exceedingly slender tube, the bore or transverse section of 
which is every where the same. 

165. In ail cases of fluid motion when the impressed 
force is gravîty, tve hâve 

Now this intégral is to be taken throughout the fluid at 
a given instant of the motion. But, the section of the tube 
being every where the same, the motion of every particle of tîie 
fluid it contains, is at any given instant the same, or, the 
accelerating force /on each particle is the same; andj^fds^fs. 
On the supposition tlierefore that 2> is constant, 

p=^D(gz^fs) -\-C {A). 

Where s is the distance, measured along the tube, from the 
extremity by which the fluid enters, to the point where the 
pressure is to be determined. 

166. Suppose a fluid to enter a pipe, as above, from a 
réservoir whose surface is pf infinité dimensions, as compared 
with the section of the pipe. It is required to détermine Uie 
motion when it has become uniform. Let x be the dèpth 6f 
any portion of the fluid in the tube beheath the surface crf 
that in the réservoir. By équation. (^), ^ 

/? = Dgz + C, 
Z 
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since f=^Oy the vdocity bemg unifbmi. At the extremity 
where the tube communicates with the réservoir, let x s z^j 

.'. p^ =s Dgx, + C. 

m 

But (Art. 132.) p, = Dgz^ — ^Dv^ + p' 

p' being the unit of atmospheric pressure on the surface, and 
V the velocity at the orifice ; 

.-. C = - ^Dv^ + p\ 

and p ss DgK — ^Dv!^ -f p'- 

Hence at the extremity of the tube where the eflux takes place, 

= Dgx — ^ Dv\ and «' = 2gx. 

167- Suppose the fiuid to be wholly oontained in the 
tube. Let 8^ and s^^ be, at any time, the distances of its iwo 
^rfaees {Tota either extremity of the. tube, measured alpag it. 
•An4 let a, and z^^ be. the corresponding depths of tlie. siNc&cfes» 
Thea takiiig the intégral (A) frpm one surface to Uie otlier, 
sÛ9ce at both. p.equals the pressure of the atmosphère, we bave 

and generaUy 



^ Thls equation.resùlts immediately, from the consîderatibn that 
lilie. motion h produced by the pressuré of that portion of the fiuid 
n^ich is above the plane of the two surfaces. Nqw. this pressure Is 
équivalent to the weight of a fluid column of the sam'e base and 
altitude. Therefore the effective moving force equals g (z^^-^ a;) f;. 
And the mass moved is (s„^s,) k; therefore the accelerating forée 



Mm 
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••"' = ^^/(^) ''•' <^>- 

, If the quantity ofjluid contained in the tub^ be constantly 
the same, 

«^^— 8^ = constant = c; 



' *i 



168. If the tube be incessantly supplied wîth âuid, so 
that the stream may be contintcous from the point where it 
first entered it, z^ is constant. And taking the origin of 
the co-ordinates at the point of influx ; since z, = 0, and 
«, = 0, 



«.. 



Ex. 1. Let the tube ACÂ' (Fig. 50), cûrved at C, hâve 
its branches AC and J'C perfectly straight, and let them be 
inclined to the verticid at angles y and y. 

Let M and N be any positions of the surfaces of a fluid 
moving in the tube, and let P, Q be their respective positions 
when there is an equffibrium. And first let us suppose the 
quantity of fluid to remain the same thrôughout the motion.; 
.'. MN=PQ, and taking away the common part JVP, MPsiQN. * 
Now the altitude of M above N 

• 

=s »^ - »y= PM cos 7 + ftJV C08 y ^PM (cos y + tw^ y). 
Let PM^(JO\ therefore, by équation Z), 
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t)' s=: •' y (cos y + cos y) xdjc ; 

.-. fj* =s — (cos 7 +C08 7') {wf^œ ), 
j?^ representing the extent of the oscUlation ; 

(2^ (cos 7 + cos 7^)5 V^y 

The oscillations are therefore isochronous, and are per- 
forme4 in a time represented by the formula 



(2^ (cos 7 + cos 7')) 

Let the tube be inverted as in (Fig. 51). Hère the ac- 
celerating force manifestly tends to increase the quantity Xj 
and we hâve, 

«* = — y(cos 7 4. COS 7') wdm 

c 

= — (cos 7 + C08 7') (â?^- j?/) ; 

\^ë (c^s 7 + cos 7'5 «/ (^ — x^)^ 

(2^(cos7+cos7)S a?^ 

Next let us suppose the position of one of the surfaces 
of the fluid to romain unaltered. Let the stationary surface 
be in A, (Fig. 50), or (Fig. 51), and let the moving surface 
be in iNT. 

Let ACJ' = c, JCN = « ; .-. NA' = ± (c-«). 

The sign + being taken according as we take the position 
of (Fig. 50.), or the inverted position' of (Fig. 52.) Hence 
we obtaîn 
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S£^^ — ± (C — «) COS^'î 

therefore by équation J5, 

«' = + ^g cos 7' /. ( j d« 

= + 2^ cos 7' <c h. 1. (« — 8^ > . 

The position of the surface iNT, at which the velocity = 0, 
or, in other words, the greatest distance to which the fluid 
can, on the hypothesis, be made to flow in the tube, is deter- 
mined by the équation 

c h. 1. (« — « ) = 0. 

8 
i 

Ex. 2. To détermine the motion of fluid in a cycloidal 
tube. 

Let us first suppose a given quantity of fluid to oscillate 
in the tube (Fig. 52.) Let MN be the portion occupied by 
the fluid at any period of tbe. motion. 

Take AP^\MN^ and let it be represented by iS. Let 
PM=^8<i and a = radius of generating circle ; 



S 8 

.-. 80 . LK = ^S8 ; .'. LK = — . 

2a 

* • - 

Now by équation D, 

«^- = - 2^ r^d8 = -. —S^à8 = -^ (*;-«*). 



Whence we obtain 



«»2\/^/W^^ = 2\/-cos-'(f): 




a. n d8\.s 

gj (»;-»^* 
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When « = 0, / = 2 v/?. -. 
The oscillations are therefore isochronoiu and are each per- 

g 

Suppose the tube (Fig. 52.) to be inyerted. Then as 
before 

LIT = % 

2a- 

Suppose the tube to be kept continually full. 
LetjtfJf«s€r; .•. -4iV « 2/S — or; 



2a 



.-. SaLK = cr* - (215 - cr)*; /• LK ts 
Now (équation E)^ 

... . = s/^r-JâL^ = 2 \/!f vers- (^). 

The velocity vanishes when S=2<r, or ^JV s: 3^il/, and 

after the time 2ir V — . 

g 

Ex. 3. To find the time of the oscSlation of a fluid 
in a tube in the foraa of a cat^nary (Fig. 58.) 



\S3 

liet BM^éi AM^9f9 JCxsby «^ and x^^ thé depths of 
the surfaces of the fluid below the peint A, MNssc; 

Therefore^ (équation D), 



**=¥/(*/ -^)^^= - ?/{\/^+^-\/«'+(^-*)'} ^^^ 



v« = - ^{a^h.l. {(c-«)+V«'+(^-«)1{«+n/«' + «*Î 



169. To détermine the motion of a fluid in an unequal 
tube se, (Fig. 54.), the transverse sections k^ and A?^^ of 
whose branches AB and ^C are the same throughout each 
branch. 

\ 

Let f^ tond f^^ represent the effective accelerating forces, 
and V , V the velocities of the fluid in the branches AB and 
AC of the tube respectively, and let M and N be, at any 
gfven timç, the positions of the surfaces. Let AM = s , 
AN = «,^, JP = ^,, ^Q = S^^. 

Integrating équation {A) throughout the fluid, we obtain 

-/A-/..«. ^^C^-O^^- 
Now, supposing eya*y particle in each trahsverse section 
to move with the- same velocity, wè hâve 

dv dv 

Whence, eliminating in the preceding équation, we obtain 

4 ' ' * \ ^ 

Ex. 1. Suppose a given quantity ofjluidj c, to oscillate 
in a tube whose arma are straîght, and let PAQ be the position 
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« 

of equilibrium. Let PM^a, inclinations of PB and QC to 
-the vertical. ss y^ and y^^. 



Ig 

No w x^ — z^^ = PM cos y^ + QN cos 7,,=cr cos 7, + -^ cr cos 7,^, 

, also *,A;,, + ^,/^,= (^,+(r) *, + ('?,, - -0 K 
whence we obtain by substitution, 

(T^ being the value of (r when t?sO. 

If the oscillations be exceeding amall; neglecting the 
powèrs of a and a^ above their squares, we hâve 

"" "^ — sk^+skk ^^^-^> 

Whence it appears that the 9mall oscillations are xMchro^ 
noue, and that they are performed in the time, 

^(A?^,cos7^+A:^cos7j' ' 

If the surface Q of the iluid be kept continually at the 
same height we shall obtain from équation Ey 



«-= r^ H- 2^ cos 



,,|(.A,..A),,(MMi,).,^, 



where V is the velocity, when «^ = 0. 
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170. If the bore of the tube be not the same throughout^ 
the quantity / becomes a function both of the position and 
the time, and we must bave recourse to the hypothesis of 
parallel sections. 

By Article (156), we hâve 

, dv pda , k^v^ ^ 

Taking the intégral from one surface to the other, and 
representing / — by JV, we bave, since the pressure i» the 
same on either surface, 

o = ^(«„-«^-*g.jr-l*v(i.-^); 

where Ê^ and ^^^ are the sections of the tube at the surfaces 
of the fluid. Now k îs any section whatever of the tube; 
let it coincide with that surface JT, of the fluid from which 
the intégral N is taken. And let F be the corresponding 
velocity ; 

■••0=g (z^-z) d«- JT^JVT Fdr-i F« (1 - -^,) ds, 

Now the dimensions of the tube being given, JSC^ is given 
^in terms of z^, also the quantity of fluid being given, K^^ and 
N are given in terms of z^ and z^^^ and z^^ is givei^ in tarms 
of z^9 and z^ in terms of s . The quantities ÎT^, JP^^, N, z^^ z^^, ê^ 
are therefore ail given in terms of one of than s^. The équa- 
tion is therefore linear and may be integrated as bî^ore. 
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CHAP. V. 



ON THE RE8I8TANCB OP PLUID8. 



171* Xi£T a plane surface M be supposed to move with 
an uniform velocity t? in a fluid of infinité dimensions. Sup- 
pose also the motion of the fiuid to be uniform and in a 
direction opposite to that of the bôdy, and let its yelocity 
be F. 

Let / be the eflTective accelerating force generated or 
destroyed in any particle /a of the fluid, by the reaction of 
the plane, and estimated in a direction perpendicular to its 
surface. Also let R represent the pressure on the plane. 
Then is — A the résistance or force impressed on the fluid, 
and 2//i the whole effective force estimated in a direction 
perpendicular to the plane. And therefore by d'*Alembert^s 
principle, 

2/M-iï = (J). 

I 

The intégral ^ffi is to be taken with regard to the whole 
fluid mass at a given instant of time. Now since the velocity 
of the stream, and that of the body are constant, the dis- 
turbance is uniform, or the accelerating force (/), generated 
or destroyed, in every particle, similarly situatèd with regard 
to the plane, is the same in every part of its course. Con- 
sidering therefore the Une of particles which occupies the path 
of any particle (/ia), at présent in contact with the surface 
of the plane, it appears that / is, with regard to each of the 
particles which compose that line, the same as it was wîth 
regard to /x, when it occupied the same relative position. Now 
with référence to this line of particles, if ds represent an 
élément of its length and AM that élément of the plane M 
which forms its base, we hâve, . 



187 

But ffd8y taken with respect to the différent particles 
of the column at any given instant y is the same vnûiffda 
taken wltfi respect to the single particle /li, during the âkff&rent 
successive insta/nts of its motion. 

/ 

t 

Calling ©' the whole velocity generated or destroyed in 
the particle fiy estimated in a direction perpendicular to the 
plane, we hâve therefore //(i« = |f>'*: And, as fer as it 
regards the line of particles in question, 

the intégral being taken frpm those particles among which 
no disturbance is produced, or t?'=sO, to those in immédiate 
contact with the plane. 

On the whole therefore 

R f» S/m ^ \Dï.xi^ . Ù.M. 

Now if the direction of the motion ôf the plane, aod that 
of the stream be inclined to a perpendicular to the surface 
of the plane at an angle ^; the velocities of the plane and 
fluid, resolved in that direction are respectively F cos0, 
and V CO8 0. Also the velocity perpendicular to the plane 
is destroyed in that fluid which is immediately contiguouls 
to it, and a velocity equal to its own is generated in the 
opposite direction. On the whole therefore the velocity lost 
in a direction perpendicular to the plane is (F? t)) cos 0. 

.-. iî«=i2>S(FTt>)«xîos*0Ailf. 

And if we eoiiceiye the velocity of every portion of ihe 
fluid 9à, présent in contact with the plane to hav^ been th^ 
same before the disturbance, 

il=^Dilf (F+«?)*cos»0 (fl). 

If thç plane be perpendicular to the direction of the 
stream, = 0, and the gênerai expression becowes 
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R^^DMiVTvy^*. ^(C)- 

172. The above is the résistance to motion in a direction 
perpendicular to the plane. Now this direction makes, by 
supposition, an angle with the direction of the stream. 
Resolved in this direction, that is, in that of the motion of 
the plane, the résistance becomes therefore 

R costf) :rz :^DM (VTvf cos'^ (D). 

And resolved in a direction perpendicular to the stream ; it is, 

iîsin0 = ^Z)if (FTt?)*cos^0.8in0 (jB). 

173. This last quantity is a maximum when cos^ sin <j} 
is a maximum, or when 

— 2 sin* <p + cos' = 0, or tan (j> = — ^ . 

* The theory of résistances may be deduced from the gênerai 
theorem (Art 132.) as follows: 

Suppose « fluid to impinge witb an uniform velodty ob a plane 
at rest 

Now^ considering the Une of partides which is in the path of a 
given particle of the impinging fluid, taking the plane x^ beneath it, 
and calling p, z, v the pressure, altitude, and veloci^ at the point 
where the duiurbance of the given particle by the pkne commences ; 
and p,, z,, V, those at the point where it cornes in contact with the 
plane ; since the motion is in the direction in which the pressure is 
estîmated, or tends to increase the co-ordinates, we hâve (Art. 132.) 

Now, if we suppose the pressure at the posterior surface of the plane 
not to be affected by the disturbance of the fluid, the unit of pressure 
on the corresponding point of that surface will be represented also 
by pi .*. p,-^p is the différence èf the unîts of pressure at correspond- 
ing points of the two opposite surfaces of the plane ; 

••• 2(p-p)M = 2)g2(z-z)M + i2)2(t;«-V)^ 

is the whole pressure tending to produce motion in the plane. 

If, therefore, 2 = 2^, and v^=:0, résistance =j^D 2 1;'/^. (See 
Appendix D.) •. . ' 
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The angle thus determined is clearly that 'at which the 
rudder of a boat must be inclined to the stream, to produce 
the greatest possible efFect in turning it. 

174. If a body be symmetrical with regard to a certain 
vertical plane, and move in a direction parallel to that plane ; 
the résistances on the two symmetrical portions of it, resqlved 
in directions perpendicular to its motion, will manifestly be 
equal and opposite. The whole effective résistance is there- 
fore in the direction of the motion of the body. 

Ex. Let a symmetrical wedge be supposed to move in 
the direction of its axis. Let either face be represented by 
M^ and let d be the inclination of the faces to one another. 


Then is -«the inclination of either face to the direction of 
2 

the stream : therefore by équation (Z)), 

Q 

résistance = DM (V^vif sin^ ^ . 

175. To find the résistance on a Solid of révolution 
moving in the direction of its axis. 

Suppose the surface to be made up of elementary planes 
PQ^ (Fig. 55.) formed by sections made through the axis 
AB^ and perpendicular to it. Let PT be a tangent to the 
generating curve in P; then. is PTA the inclination of the 
plane PQ, to ,the direction of the motion. And the résistance 
on PQ in that direction 

= ^D {VT^yPQ,' cos^ (- - PTA\ 

= ^ Z) . PQ . (FT «)^ sin* PTA. 

Now the angle PTA is the same for èvery plane similarly 
taken in the annulus ; therefore on the whole the résistance 
on the annulus Kd^ \D . KÇl{V:^ vf sin^ PTA. But if 
w and y be co-ordinates of the point P, in the generating curve 

♦ dv 
sm PTA = 3^ , and JSTQ = Stwyds, 

as 
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résistance on annulus KQ = 7rD (V + vyy l — \ ds 
And whole résistance = irD (V^vy / y (-r-j ^Vy 



= ^2)(Fq:r)yV|l + (^)"T'dy(n 



The above is the résistance or whole impressed force 
generated by the fluid in a direction opposite to the bodies** 
motion. The effective retarding force * 



impressed force D ^„^ ^y 1 \dœ/ S ^^ 

= -^ — ' = 7T.(*^+«) r^. r ...(G) 

mass D jydœ 

Ex. 1. To find the résistance and retarding force on a 
sphère. 

Hère the équation to the generating curve is 
dœ ^ y /dys."^ €? 

therefore résistance = ^ S ^^^'^^ V^y 



= — ~. — li«-i«}= î 5 



taking the intégral from y = 0, to y = a. Now the volume 
of the sphère is - ira^. If therefore Z)' represent its density, 

o 

and the fluid be at rest, the retarding force = = — - — ; 

where a is the ratio of the spécifie gravities of the solid and fluid. 



* This term is used in opposition to accelerating force. 
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Ex. 2. To find the résistance on a spheroid. 
Hère a — a? = - (6^ — if)^ \ 
dx a —y 

/dy\ -« _ 6* - 6y + aY _ b* + a'e'y' 
■ ■ ^ ■*■ Kd^) ~ b- (6«-y*) ~ fe«(6«_j^) ' 

-•. résistance = irDCV + vfb* f ^\~^ï^^ 

_ 7rZ)(r+p)*6* /» (fe*a'e*-a''eV+fe«— fc*) ydy 
~ aV y 6* + a«eY 

_ 7rZ)(Fqh«)*6* ^ p{Va*é-\-b*)ydy 
~ ^? 






taking the intégral from y = 0, to y = h, The mass of the 

spheroid is -- al? trlf \ therefore the retarding force 
3 



3 (FTt?)'feV Ç/ 6 

8 



« V ^ ^2^«, 






f 



Ex. S. To find the résistance on a solid generated by 
the révolution of a cycloid about its axis, and moving in 
the direction of that axis. By the nature of the cycloid 



07 = a (l — cos 0)9 y = a (0 + sin B) ; 

dœ sin0 Q , . (ày\''^ .9 

— =s ^ =: tan - ; •'• l + 1 -r- 1 = sec - 

dy 1 + cos 2 \dwj 2 

Also ydy = a^ (9 + én9) (l + cos0) d9 



2 a* (0 + sm9)cos^-d9; 



» 



I 
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therefore reaistance = SttI) (F + 1>)* a*f(9 + sin 0) cos* - dO^ 

9 1 
Now cos*- = - {cob29 + 4C08Ô + 3}; 



2 8 



1 ( 

.-. /cos* - . e . de = - H(20 sinse+cos 26) 

+ 4(e8in0 + cos^) +-0*>. 

2 

Also fsin9 cos*- d0 = — 4/*cos*- d cos -^ = cos* - ; 



therefore résistance = 27rJ5 (T+r)* 

^C0sîn20 COS20 0sm0 cos0 S ^, 2 .0) 
l 16 32 2 2 16 3 2)^ 

And taking the intégral from 0=:O, to 0s7r9 

résistance = irD (V + vy . o* . < — + - >. 

176. To find the résistance on any symmetrical body 
moving in the direction of its axis. 

Let «^ = be the équation to the surface of the body, 
the axis about which it is symmetrical being taken for the 
axis of Of. 

Then the line of the inclination of any elementary portion 
of the surface, whose co-ordinates are œ^ y, x, to the direction 
of motion is 

du 
dœ 



/du\^}^' 



m + © - m\ 
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Now the area of the élément is 



^ dydz; 



du\ 



(au 
dx 



(du\^ 
-pj dydz 

.-. résistance = ^ UKV '\-vy il -- — ; — . 

^ ^ /M/du\^ /du\^ /du^ 

\dœ) "^ \dy) "^ \Tz) 

177' ^^ ^^^ rectilinear motion of a hody in a resisHng 
médium, 

r 

Suppose the médium at rest, and let kv^* represent its 
retardîng force on the motion of the body. Let the motion 
take place whoUy in the direction of the axis about which 
the body is symmetrical, and let the fluid be homogeneoiis^ 
So that the quantity A:, dépendent on the mass, the ratio of 
the densities and the surface on which the résistance takes 
place; may be the same throughout the motion. 

Let œ be the distance, at any time, from the point of 
projection, and + P tbe force accelerating or retarding the 
motion of the body. • 

The whole accelerating or retarding force impressed on 
, the bôdy at any period of its motion is + P-^kv^; 

.-. vdv = ± Pdœ — kv^dœ •••(l)î 

.-. dn^ + ^kn^dœ = ± 2Pdœ; 
.-. ««=:€-'*'{±2/Pe^*'da7-|-C} (2).. 



* The retarding force bas been shown to vary as the square at 
the velodty^ in that case only in which the motion of the body is 
uniform. The iheorem cannât be extended to, the case qf variable 
motion except as an approximation. It is in this- sensé that it is hère 
givcn. 

2B 
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178. In the case which P is constant. 



»' = e-" 



' { ±2P/e**'d.r+C} =e^**'] ± ^(«»*'- 1) +»;l 



where «^ is the velocity of projection. 
179. When a? = « ^ «'= ±^. 



V --- IS a 



Taking the positive sign we find that y/ — is a quantity 

to which the velocity continually approximates as the distance 
increases, but which, in any finite distance, it never actually 
attains. This velocity is called the terminal velocity. 

180. If the négative sign be taken, the terminal value of 
'0 becomes impossible. The motion in this case therefore ceases 
at a finite distance from the point of projection. To find 
this distance, let v = ; 

K 

whence we obtain a? = — kl. f — ~ 4- 1 Y 






2**1 

e 



The intégral of this expression is a logarithmic or circular 
function according as the upper or lower sign is taken; that is^ 
according as the for^e is in the direction of the motion^ %x 
bpposed to it. In the first case we hâve, takii^ the intégrai 
fromOtoa?, 
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■».V1 - . 



1 1 t ^^ p 



n/'^^ ' ' \J^\<^ . -*' 



€««'+^-l-e* 



In the seconnd case, 



1 r 1 c*' 

/ = :==. \ COS —^ — ; — COS 



Substituting for œ its maximum value, we obtain jfbr the time 
in which the greatest distance is attained, 



1 il 

t = — p==.COS^^ 



sfp^ (i f ^^y ' 



When « = 00 ^y ^ ?= 



9.^Pk 

Which quantity may be considered as a limit never exceeded 
by the time of flight. 

182. The distance œ may immediately be found in terms 
of the velocity v, (and conversely), when P is constant, by 
équation, (l), from which we obtain, 

183. On the small vertical oscillations ofjhating bodies 
as affected by résistance. 

That portion of the acceleratîng force, on bodies oscil- 
lating vertically, which arises from the pressure of the fluid 
(independently of the résistance), varies as the distance 
of thé plane of equilibrium from the surface of the fluid, 
as long as that distance is small. Call it w\ Lét v be the 
corresponding velocity, and suppose the variation of the 
resisting surface to be small as compared with the whole 
surface, so that k may be considered as remaining colletant 
during the motion. 
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Let Mœ equal the accelerating force produced by the 
pressure of the flirid; 

.-. P = - Mœ. 
and «» = €-**' \-9.MJxê'"dœ + C\ 






{-f(-"-Q-} 



Taking the intégral from œ^ to a?. Now neglecting terms 
of above three dimensions in œ and œ<y 

Whence we obtain by réduction 

tj' = if (l-2*a?J \- -i— -• - (a? H '—\ C; 

^ '^^(l-2*^,y V ^1-2A?V5 

cos^2A?a? -cos-"^ < -^ i^ '- 



^if(l-2A?ar^) 
For the whole oscillation, 



co8""^2Apa?. 



^M{l — 2kœ) 



184. 7V> détermine the vertical motion of a hody through 
the atmosphère^ when acted on by no forces, but simply im^ 
péUe^ by the velodty of its projection. 



Ahim^^ 



Let jr-^ ^ = k. Therefore 

Jfrdœ 
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retarding force = --; v^k. D being the density * of the air, 
and D' that of the body. Now if we consider gravity constant^ 

— Si 

we hâve (Art. 121.) D^D^ c"^*, where 2>^ îs the density of 
the atmosphère, when af = 0. If therefore cr = -=r>; retarding 

force = kav^e *; . 



.-. — vdv = kav^e *d«; ••. — t-= — SAo-e *d«; 



de" * 



«' ■ . . -î . . . » 



,-. h.l. — 5 = 2ArA<r(6 * — l); .-. h. 1. - = &A<r (e * — 1); 



4 



.-. V = t,^€**^<^'"*-^>; .-. / = -/€**^<^-^~>di!f. 



t> 



185, The above theory is applicable to the motion of 
rays of light incident nearly perpendicularly on the atmo- 
sphère. 

If we suppose v and v^ to be the velocities in two con- 
sécutive média, (p, <p^ the angles of incidence and refraction 
at their common surface, and Z>, and D' theîr densities, we 
hâve (Poisson, Art. 307.) 

v^ sin (p v^-—v tan ^ (^ — 0^) 

V sin0/ ' t?,+»v tan^(04-0,)' 

But since v and v^ are exceeding great, and t?^ -^ « finite, 
V 4- v^ =: Qv. Also 0—0^ îs exceeding small ; therefote 
0^-0, = 20; 

, VJ! = tani^É-^ . ., ^_^^ = Vif tan0, nearly. 
2tj tan0 ^ ^' « r» J 

Now by the last article, 

.- 
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very nearly^ since (D-^D^) is exceeding small. 

V — V kh ^^ ^, 

kh 
and 0,-0 =: — ? (D - D^) tan 0. 

Which is precisely the resuit given by observation *. 

186. We hâve supposed the same theory of résistance 
to obtain in incompressible and elastic fiuids. This is however 
by no means the case. The intégral y 2). A Jf./cf* îs mani- 
festly to be taken in elastic âuids; regard being had to the 
variation of density produced by the résistance. This varia- 
tion cannot be determined on any principles hitherto established. 
If, however, only that portion of the âuid which is in ira- 
médiate contact with the body be considered, and its density 
be supposed uniform; then calling D the density before the 
motion, and Jt, at any time, the résistance. The density will 
be represetited by ' 

2>+ C.R. 

Sînoe the incrément of deosity varies as R. 

.-. R^M{p + CR)ffd8^\M{D + C.R){y+vY\ 

On curvilinear motion in a resisting médium. 

187* If a body move in a resisting médium, impelled 
by any given forces; its velocity will be that due to the 

* Generally^ the médium being given^ the résistance varies as 

yn^9 where jy is the density of the body^ and-^ a direct fîmction of 

its magnitude. Hence therefore however small the body may be, 
if its density be proportionally great, the coefficient of the résistance 
will remain finite, and, when the velocity of projection is exceeding 
grçat (since it can only receive a finitç diminution) the exj^ession 
P—ki^ will, throughout the motion reduce itself to —k^. 
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uniform actiofi of their résultant^ through one ,qtiarter of the 
chord of curvature which is in the direction of that résultant. 

Let X and Y be the forces, resolved in the directions' 
of œ and yiPcc and PJf, Fig. b%\ Take PN the normal 
at P, and let PQ, be the direction of the résultant of X and F. 
Let the motion of the body bè toward B ; 

••d? = -^-^^ ••••: ••••<')' 

d¥--^^Ts ^^' 

dr 

... (^ = \ ^^'\^ .(Ydx^Xdy)......(S). 

\dt) dyd^œ—dœdl^y ^ yy v / 

Now tan QPN = tan {QPM 4- MPN) 

^ il 

X^dœ^ Xdœ+Ydy 

~Xdy "" Ydx--Xdy' 
^ " Ydœ 

/. i^ chord of curvature in the direction PQ 

d/ Ydœ-^Xdy 

= =:- . -7^;^ — TTTTï — r- = 2 A Suppose 

by (3) .-. (^y = 2Jir(X* + A«)*. 

Therefore, the velocity is diat due ta the uniform action of 
the force {X^ + F-)i through the space K, 
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I88f From (équation 1) x y - (équation 2) x a? we obtain 



df 



ds 



(^*V — ^** /v y\ p xdy — yd^v ^ 

dt) ^ yd^œ^œéPy ^ yd^œ — œé^y 

f /d%\ 

Now iî is a function of / -- j, and of the density, also this 

(ds 
— \^ therefore 

between the équations (3) and (4) we shall obtain an équation 
în œ and y to the trajectory. 

189. If the force X ^ 0\ from (équation 1) x dœ 
H- (équation 2) x,dy, (or directly on the principle of the 
conservation of vis viva)^ we obtain 



dtj« = ~ QYdy — ^Rds... 

Yda^dx 



(6). 



Now by (s) v^ = 



ds 



2 



dyd^œ-^dœéPy dPy^ 



considering dœ constant; 

ds^ 







d«y 



Suppose Y = constant ; 

.-. 2Fdy - F ^^ ,; = sFdy + 2Q 



(d^y)^ 






d'y' 



(d*y)' 



d'y 



(7). 



190. When the force P tends to a center, the velocîty 
1s that due to one quarter of the chord of curvature through 
if. 



aoi 



By (équation 1) X d^ + (équation. 3) k dyi we hAre 



•d«\« 



Q - - 



9Pdr—SRds\ 



.: diPK)=^-r Pdr.-Rdsy 

— \ = 2QPE; 

.'. d(PK)+2Q(PK)d^'\'Pdr^0. 

Now if p represent a perpendicular upon thé tangent 
from the center of force, 

E^A .■.%=.'JZ^dKl.p^; 
^ dp K p 

. .-. d h. l {PK) + 2Qd« + d h. 1. p^ = 0; 

.-. h.l. —f- + 2jQds — 0\ 

^ gdp 



dp-^ 



- « gS/Çd* 



Pdr C 

Now let« = -; .'. p" =- + -j^ = « +|_j ; 

dp-« 2d*î< dp-* ■ ,d«« Pe^*' 

dtt ^ d0« ' dr ^ de" C * 



191- Results deduced oh the preceding theory of ré- 
sistance^ are in many cases wholly at variance with experiment. 

The following may be assigned as causes of this dis* 
crepancy: 

2C 
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199. First, the level of tho fluiii fa îlot t^ laine at the 
two opposite surfaces of the body, it is bigher than the level 
of the rest of the Hream at the anterior, and lower at the 
posterior surface. 

Let the plane PQ (Fig. 72.) be at rest in a stream of 
fluid whose motion is in the direction AM. Suppose the 
disturbance produced by the anterior surfiice to commence 
at Mj and that by the posterior surface at N. Now con- 
sidering the Une of particles which is in the path of any 
given particle, taking the plane of œy beneath it, and calling 
Pf X, p and p^f z^y v' the pressures, altitudes and velocities 
corresponding to two given points in it ; we hâve (Art. 132.) 

The sign ? being taken according as the motion is in the 
direction in which the co-ordinates are measured and the pres- 
sure estimated, or in the opposite direction. 

But at the surface of the fluid ji = p^ = the unit of 
ntmospheric pressure; 

Now, taking M and P to be the points corresponding to z, v 
and z^, v\ and using the négative ^gf», we hâve, since v s= 0, 

The négative value of {z—z^)^ shows i»^ to be greater than z^ or 
tbe point P to be above the surface of the rest of the fluid. 

Also, « ss V 2^iLP, the fluid is therefore raieed^ at the 
anterior surface of the plane, to the height due to the ve- 
locity of the stream. 

Again, at the posterior surface, let the altitudes and ve^ 
locities corresponding to the points N and Q he z, v^ and 
J9^, v". Tafcing the peeiHve ^ign^ mee the praisure is esti- 
mât^, «jod the ccM)^rdiiiates loeasur^ fwm N towards Q, 
or in a direction opposite to the motion, and observing that 
ti' s= 0, we hâve 
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LQ is therefore positive, and the point Q lies ^below the 
stifface of the fluid at the depth LQ, due to the veloeîty 

at N. 

193. In addition to the pressure arising from the inertia 
of the fluid ; the plane sustains therefore a pressure produeed 
by the weight of that which is in contact with the part of it PQ. 

Now PQ = PL + iQ = ' , 

.-. pressure on PQ = ^ gD PQ* = ^ '^ . 

If V = i? • the pressure = - — . On the whole therefore the 

^g 

résistance = ( , calling m the width of the plane. 

If the velocity be considérable, the last term of thîs expression 
evidently becomes a principal élément of the whole. In this 
term therefore we find an adéquate cause for the différence, in 
direct impact^ between the received theory and experiment, 
which différence is found only where the velocity is great. 

Ail that has been said above, may be extended to the 
case in whîch the plane as well as the fluid is in motion, 
by communicating to both the velocity of the former, in 
an opposite direction. In this caser the résistance 

194. The second cause of différence between theory and 
experiment, has référence to the case of oblique impact. 
It is in this case that the error of the theory is most remark- 
able. We hâve supposed the reaction of a surface to take place 
only in the direction of its normal. There seems no suf* 
flcient ground for the application of this hypothesis to the 
case of fluid résistance. It does not follow that the particles 
of a solid, howevçr accurately they may be made to arrange 
themselves in the same plane (which is ail that would seem 
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to be implied in smoothness of surface) should on that 
account, . be effective on the particles of a fluid brought 
severally in contact with them, otherwise than though they 
were not so arranged, or even than though they were de- 
tached and assumed to themselves the form of another fluid. 



CHAP. VI. 

ON THB MOTION OF ELA8TIC FLUIDS. 

195. To détermine the motion of an elastic fluid into 
another of différent density — ^both fluids being supposed of 
infinité extent. In ail cases of fluid motion, 

dpz=z D {dP + fds), 

P representing the intégral J{Xdœ + Ydy + Zdx), Now 
if A be the height of an homogeneous atmosphère, p = ghD ; 

.^, gh^ = dP+fds (J). 

p 

Both fluids being of infinité extent, their density can ex- 
périence no sensible variation from the Jinite increase or 
diminution of the quantity of either fluid. The différence 
of density which is the cause of motion will therefore remain 
unaltered, and the motion itself ultimately become uniform, 
so that the différent particles of the Jluid will be impelled 
by the same accelerating forces as they pass through the 
same points in space. Hence precisely as in the case of 
incompressible fluids it may be shown that Jfds^^^v^ ; 

.-. ghh.lp^PT ^tj* + C. 

196. Let the impressed force be that of gravity, and 
call p and v the common pressure and velocity of the fluids 
at the aperture. 

Therefore in the médium out of which the motion takes 
place, 

gh h. l p = gz - ^«* + C. 
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In the other médium, 

.Suppose a? to.be mea^ured from a horizontal plane, in ter- 
secting the two fluids — p^ and p^ to be the unîts of pressure 
at given points in this plane — and the fluid in contact with 
it to be at rest; 

.'. ghh.l. — = ff% — i v% 
Pi . 

ghhA.?-=g% +iv^i 
Pi 

.'. gh h. 1. ^ = v\ 
Pi 

If D^ and D^ be the densities of the média ^t the plane 
from which x is'measùred, 

?i = ^; ,.^A h. !.§=«' (5). 

Pz A ^i 

Let S be the density at the aperture; 

,.i=^; ,. ghhA. -=.gx - :^.* 

= g. - i^A h. 1. §; ; .-. gh h. 1. (1) (1^)* = gx ; 



2 



197- If tl^6 motion extend but to a short distance above 
the aperture, so that the plane wy mày be so taken, that x 
may be smaU when compared with A, 

5 = {D,D,)i (C> 

Or the density at the common aperture of two elastic fluids, 
is a mean proportional betwe^ the densities of . the fluids 
themselves. 
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198, We hâve supposed no variation to take place in 
the densities of the média from tbe continuai variation in 
the quantities of fluid they contain. It is clear, that admitting 
such variation, the motion must no longer be considered 
imiform. If, however, the aperture be exceeding small, it 
may be shown as in the case of inocmpressible fluids, that 
the error resulting from this cause is inconsiderable and may 
be neglected. We hâve therefore generally in the cases of 
small aperturesy 

v^\/gh^, and 5 = ^57^2- 

199. Let there be two vessels, containing air of an 
uniform density, and let them communicate by means of a 
common aperture k. 

Let Jf, and M^ be their capacities D\ and ZXg ^^ initial 
densities of the air, and D^ and D^ the densities after the 
time t, 

Now the quantîty of air in the first vessel is diminished 
in the time t by kf^vdt ; 

/. M^D^ + kfUdt = M^D\', 
.\ k&vdt :=! - M^dD^; 



.'. ^ = 



*^VAi>.h.l.(f)' 



also since the same quemtiêy of fluid is continually divided 
between the two vessels; 

Eliminating D^ between thèse équations we hâve an équation 
in tj^ and D^ 

200. In the above investigation we hâve taken into 
aceount, that variation in the density of the fluid about the 
aperture which results from its motion. 
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In the theory commonly adopted, this variation is neg- 
lected together with the variation of pressure which arises 
from the motion of the fluid in the second vessel. 

If we adopt the former part of the commou hypothesis, 
and integrate the équation A^ considering D as the same 
for the différent values of /, we çhaU ôbtain, 

Therefore in the two vessels, 

and p a= ghD^ + \ DgV% 
and at the aperture, 

If the fluid pass oui of the first vessel into a vacuum, 
or into a médium very nearly approaching to it, the value 
of Z>2 may be neglected, and v^ *= 2 g h. The velocity is 
therefore that due to the height of an homogeneous atmosphère. 
We shall investigate no farther the results which may be 
dedueed on this hypothesis. It is manifestly erroneous. 



201. Suppose a vertical prism (Fig. 64.) containing air 
to be closed by a fnston PQ moveable within it. When 
the pist(m is loaded with the weight YT, let it rest in the 
positicm BC. 

It is required to détermine the motion when a weight ai 
is in this position added to W. L^t ABssa, BP^(X!. The 
elasticity of the air in ABCD being represented by Wg'^ 

that in APQJ) is represented by — ^. The impressed 

a — X 

moving force on the piston is therefore, 

. Wga 
a — œ 



SOS 

( a — jpy 

Taking the intégral from to a?. 

In the above we hâve supposed a vacuum to exist above 

the piston PQ. Let us now take in the considération of 

atmospheric pressure. Let W'g represent the weight of the 

column of air incumbent on PQ. Adopting the same notation 

as before, the elasticity of the air in ABCD is équivalent 

to the weight {W+W')g. The elastic force of that in ÂPQD 

(}V+W)ag ,, , , 
therefore . Also the downward pressure on 



is 

a — a? 



PQ is (W+ W + w)gf and the mass moved is (W+w) ; 

.\ (W+w) vdv = \(W+ ir + w)g - ^^^ ^'^ ""^ l dœ; 

( a — Of 3 

202. To détermine the accélération of a bullet in the 
barrel of a gun. ^ 

Let P (Fig. 65.) be any position of the bullet,. and B 

that in which its moticHi commenced. Let Wg represent the 

expansive force of the air in AB, W*g the atmospheric 

pressure, and wg the weight of the bullet, AB = a,.AP = œ. 

Then the elastic force of the air in AP is represented by 

Wag . Wag 

; the impressed moving force by — W^gi and 

the mass moved by co ; 

(Wag , ) 

/• wvdv = < Wg\dw; 

(Wa^ ^ œ W\ J 
/. t)« = 2^^ h. 1. (ûp — a)}. 
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In the above we haVe takén no account of the variation^ 
in the elasticity of the âuid. produced by the actual motion 
of its pàrticles, and variable from one point in it t6 another. 
Where the expansion is rapid, as in explosion of a cannon, 
this is evidently ia fertile source of error, and accordiûgly 
the results we hâve deduced are found in this case but very 
imperfectly to agrée with e^periment. 



CHAR VIL 

ON THE GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 

203. The fluid mass, the motion of which we are about to 
consider, may be homogeneous or heterogeneous, incompressible 
or elastic: ail its points are soliçited by given forces, such 
as their mutual attractions, and other attractions directed 
towards fixed or moveaWe centers: and the forces which 
act at any point whose co-ordinates are œ^ y^ x^ are reduced 
to three X, F, Z, parallèl to the three axes Oœ^ Oy^ Oz^ 
of co-ordinktes. The qiiantities Jt^ K, Z, are simply functions 
6f w^ y, Zj when the glvén forces do not change intensity 
during thé motion, and are directed^ towards fixed centers; 
but when thèse forces are directed towards moveable centers, 
and when they prpcééd from ' the mutual attraction of the 
fluid particles, the values of X, F, Z, will involve the time 
in' their expressions. In gênerai then X, F, Z, will be func- 
tîbns of i?, y, x, and t. ' 

Let us also résolve into cômponents parallèl' to the axea 
Oatf Oy, Oxj «the velocity which corresponds to the co-ordi- 
nates Wj y^ %\ and let u, t^, tv, be the respective componentâ. 
Thèse will be unknown functions of a?, y^ z, t; they will 
dépend on the co-ordinates ^r, y, z^ because for the same value 
of /, the velocity varies from one particle to another in 
magnitude and direction; they will dépend also on the time t, 
becàuse for the same values of*^, y, sf, the velocity changes 
from one instant to another. If we wish to compare with 
ooe another, the Velôcities of the same particle, at two suc^ 
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cessive instants, we must suppose the variable t to become 
t + dt^ and at the same time the co-ordinates of, y, z of this 
particle, to become w+udt^ y + vdt^ z-j-wdt: for in virtue 
of the velocities u^ v, tr, the same particle which answered 
to the co-ordinates œ, y, Zy at the end of the time ty will 
answer to the co-ordinates at -h udt^ y + vdt, z -{-wdt^ at 
the end of the time t + di. It follows then, thàt to hâve 
the variation of u^ v, Wj the component velocities of a certain 
particle, we must difiPerentiate with respect to t^ and with 
respect to œ^ y, z, taking udt^ vdt^ wdtj for the incréments 
of thèse latter variables. In this manner we shall hâve, 

du du du du 

du = --- dt + -7— udt + ^ ^dt + -r- wdty 

dt dw dy dz 

dv dv dv dv 

dtj = -—- d^ -f -— udt + -7- vdt H- -— wdtf 

dt diV dy dz 

dw , dtv , . dfjD' _ dw 
dw = ---dt + -;— udt + -T—vdt + -— wdt. 
dt dœ dy dz 

Let uis divide tbe fluid mass into reetangular parallelo- 
pipeds, infinitely small, the sides of which are parallel to 
Oœ^ Oyy Oz. The volume of the élément which answers 
to the co-ordinates œ, y, Zj will bave for expression the product 
dœdydz. We may regard the density constant throughout 
the extent of this volume, and designating it by ^, the mass 
of the élément will be pdwdydz. Let us also represent 
by Pf the pressure referred to the unit of surface, which the 
surrounding fluid exercises on the différent faces of this 
parallelôpiped, and which is the same on ail the faces, ac- 
cording to the fundamental property of fluids. The two 
quantities p and p axe, as wdil as the velocities u, v^ Wy 
unknown functions of Wy y, z and /. The five quantities 
Uy Vy Wy p and py are the unknown quantities of the problem 
which occupies us : when they shall be determined in functions 
of a}y y y Zy Biid ty Ûie State of the fluid mass will be known 
at each instant, because we shall then know the velocity, 
its direction, the density of the fluid, and the pressure it 
exerts, at whatever point we choose to fix upon, whether 
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I 

««tt:the surface or in the înterior of the mass. Let us seek 
then the équations on which the values of thèse fiye quan- 
tities dépend. 

by D'Alemb^f^ principle. The velocities lost during the 
instant df by the particle submitted to the action of the forces 
X, F, Z, are Xdt—du^ Ydt — dv^ Zdt'-dw; for du^ dv, 
dw^ express the incréments of velocity which really take 
place during this instant, and Xdt^ Ydt^ Zdt^ are those 
which would be produced by the forces X,^ F, Z, if the 
particle were free. Diyiding thèse velocities by dt^ in- order 
to hâve the measure.of the accelerative forces capable of 
producing them; designating thèse forces by X\ Y\ Z'; and 
putting for du^ dv, dtv^ theîr values above; wefind, 

du du du du ^^, 

dt dw dy d% 

dv dv dv dv „, 

„ dw dw * dw . dw _, 

Z ; r— U --V — - W = Z . 

dt doD dy d% 

But, according to D'^Alembert^s principle, equilibriùm 
will hâve place in the flûid mass, if ail the particles be so- 
licited by forces capable of impressing on them the velocities 
lost or gained at each instant: the gênerai équation of the 
equilibilum of fluids found in Art. 94, ought then to be 
satisfied, when we take X\ F', Z' for the accelerative forces 
parallel to the axes of co-ordinates. Thus 

(dp\^p{X'dx + rdy+Z!dxy 

And if — > -r ? ~r^ > ^® *^^ partial âifferential coefficients 
dœ dy d% 

of p with respect to a?, y, «r, respectively, 

5^"=^^' d^^f^' di^-^P^' 
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jEIençe, putting for X\ F^, Z\ thdr values, and dividing by /o^ 

1 dp -. du du du du 

- . — ^ z=. X '-' — — — u v — — w 

p dm dt dœ dy dz 

1 dp y. dv dv dv dv 

pdy dt dx dy dz ' ^ ^' 

1 dp _ dw dw dîv dtc 

- ,— =- = Z — • — — -— tt — • — -T^W 

p dz dt dx dy dz 

905. Eadh of the éléments into which the fluid mas» 
was supposed to be divided, will change fonn durîng tfae 
instant dty and it vdll also change Tolume if the fluid be 
compressible: but as its mass ought always to remain the 
same, it follows that if we seek whi^ its volume and its density 
become at the end of the time t + dt, their product ought 
to be tfae same as at the end of the time t. Making then 
equal to zéro the variation of this product, there will resuli 
a new équation of the motion. 

To form this équation, let us consider the rectangular 
parallelopiped, of which the volume was expressed by 
dœdydzy at the end of the t^ and let us see the Bhape that 
this' portion of the fluid will take at the end of the time 
^+ d^. There ¥011, of course, be eight solid angles of the 
parallelopiped, and as many ^gular summits. I call that 
summit m, which is nearest O, the origin of co-ordinates, and 
consider its co-ordinates to be exactly 39^ y^ %. Let that 
summit, which lies from m in the direction of %, be caUed n» 
At the end of the instant dtj the co-ordinates of m become, • 

w -f udty y -h vdty z + wdt: 
at the end of the same instant the co-ordinates of n become, 

a? 4- u'dty y + vdty ^ •¥ dz + w'dt; 

vly «', w\ being the values of u, «, «7, at the summit n\ , But 

t du ^ , dv ^ , dw , 

u =Si u + -rr- dz, V =«?+--- dZy tlT = W -f -— 'djîf-i 

dz dz dz 
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because the altération of u^ v, w,' from m to n is, at a givètl 
instant, relative only to %. Hence the co-ordinates of » at 
t}ie end of d^ become 

du dv 

w + udt + -—- dzdtf y -f vdt-^rr dxdt^ 
d% d% 

_ ^ dw •' 

x + d%'\'Wdt + '—-d^dt; 

dz 

and the distance between m aiid n at the same time, is, 



Extracting the square root, and neg^ecting the infinitely small 
terms of the third order, we hâve for this distance 

dw 
dxy^-'^dzdt. "- ; 

d% 

Now let us consider the twè stimmits which lie in the 
same diagonal plane of the parallelopiped as m and n, and 
let U9 call thèm tn and nf^ m' being that wiiich is nearest 
the plane ofOy. The paraUelopiped being in its original 
position, the co-ordinates of m' are a? + dw, y + dy^ % ; those 
of n', cV + dw^ y+dy, z + dz, Hence, to obtain the distancé 
between m and n' at the end of dt, œ-{-dœ and y + dy 
must be substituted for œ and y in the preceding value of 

the distance bejtween np and n* By ^his siibstitution -—r 

CLZ 

dw d^w d^w 

becomes -7- + -; — p- dœ + -r — ~ dy. Hence the distance 
dz dzdœ dzdy 

sought îs, 

dw , d^w d^w -, 

dz -{- -rr-dzdt -f -7 — — dœdzdt -f --— — dydzdt. 
dz dzdœ dzdy 

Neglectîng then the two last terms, which are of the thircf 
order, the distance at the end of dt^ between m' and w', 
is the same as that between m and n. Thus the two sides 
Connecting m, n, and m\ n\ which were equal at the' com^ 
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mencement of the incrément of time dt, continue to be equal 
at the end of that inatant, excepting 8o far as regards 
infinitely small quantities of an order which may be neglected. 
By similar reasoning it would be found that the two sides 
parallel and equal to thèse, continue to be equal to them 
during the same incrément of time. In like manner it may 
be shewn, that in each of the other two sets of parallel 
sides, the equality of the sides is preserved during a very 
small motion. The value of each side in one of thèse sets 
at the end of dty is found by changing x intp y and w into t?, 
in the value of the distance between the summits m, n, just 
obtained; so that we shall hâve 

dy-^—dydi: 

the value of each side in the other is similarly found by 
changing % into œ and «7 into u\vie shall hâve 

du 

dw -{• -r— dwdt. 

dœ 

We obtain the volume of the élément by multiplying 
the face, which was originally parallel to the plane œOy^ and 
which passes through 971, by the altitude of the summit n above 
this face. The area of the face is the product of the two 
sides meeting in the summit m, multiplied by the sine of 
the angle contained between them ; the altitude of the summit 
is equal to the side which joins m and n multiplied by the 
sine of the angle it makes with the plane of the face. Hence 
the volume of the parallelopiped will be the product of the 
three sides which meet in w, multiplied by the product of 
the sines of the two angles just mentioned. But as thèse 
angles were right angles in the original parallelopiped, neither 
of them can difFer from 90® but by a quantity indefinitely 
small: their sines will consequently differ from unity by 
quantities indefinitely small of the second order, which may 
be neglected. The volume sought will therefore be, 

(du \ / dv , \ / dw \ 

daf-\- — dœdt] ldy+ —dydtj ld% + -—d%dt). 
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Performing^ the multiplication^ and neglecting terms of thé 
fifth order, there will anse 

■ _ _ / du . dv ^ dw , \ 
dwdydz ( I 4- t- d^ + -r- dt^ T-dt ) ; 

\ dœ dy dz / ^ 

which is the volume at the end of the tîme t-\-dty of the 
élément which was dœdydz at the end of L As p is a 
function of <r, y^ z^ and f, it follows that when t becomes 
t + dtf and at the same time a?, y^ z^ are changed into 
w-^udt, y + vdtj z + wdty the density becomes, 

p + -^dt + '^udt-\--^vdi'\--^wdt 
' dt dœ dy dz 

As the mass of the same élément remains constant, if this 
density be multiplied by the corresponding volume, and the 
product be diminished by pdœdydz, the remainder ought to 
be equal to zéro. If in performing the opération, terms 
invôlving df be neglected, and the factors dwdydz and dt 
common to àll the terms be removed, we shall find, 

dp dp dp dp . du du du 

dt dœ dy dz * dœ ' dy ' dz 

When the fluid is incompressible, and either homogeneous 
or heterogeneous, the variation of the density as well as the 
mass of the same dément is nothing : so that, 

dp dp -dp dp 

dt dœ dy dz , , ^ 

du du du 

— -j -j =0 

dœ dy dz 

When the fluid is elastic p is a function of p. In both 
cases, then, we hâve two équations, which joined to the 
three équations (a) serve to détermine p, p, Uy «, w^ in 
terms of <r, ^, z and t. 

206. When the fluid is homogeneous and incompres- 
sible, the first of équations (c) becomes . identical ; and we 
hâve simply the second équation and the three équations (a) 
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to detennine p, ti, «, ter. To this case let us now proceed 
to direct our attention more particularly. And first, it is 
to be observed that the differential équations of tbe motion 
will be found to be susceptible of great simplification when- 
eyer udœ + vdy-j-wdz is a complète differential of a func- 
tion of Wf y, z. We shall assume Uns to be the case at 
présent, and afterwards consider to what circuiQstatiee ,pf the 
motion this analytical fact has référence. 

Let udw'i'vdy'\- wdz = c(0, being a function of œ, y, z, 
which may besides contain t^ but which is not differentiated 
with respect to this variabl^. Then, 

d<b dd) d(h 

dœ dy dz 



Hence the second of équations («) becbmes 

d*0 d^é d^é> 

— iLj^ — r ^ IL 5-0 

da^ dy^ dz^ 



(rf). 



* . , , du dv dfff 

Agam, as udœ-^vdy + wdzzsdd), -rr-d^H dy-\ dz 

dz dt dt 

is equal to 

d*A ^ d*0 ' d^d) ^ 

"5 — ^dw 4- ■ ' ■■ dy H *-- dz, 

dxdt dydt dzdt 

which is 

d.^ d.^ dM 

di . dt ^ dt ^ dd> 
dâff-] — - — dy'\ — - — a», or a. 



dœ dy ^ dz - dt 

the di0èrentiation of -^ being with respect to ar, y, z^ 

whilst t is constant. Thus, 

dw _ d« , dw , , d</> 
— - da? + -r dy + -r- d« = d. -7?- 
d^ d^ ^ d^ d^ 

dw , dtJ , dw , , d<i 

so ^-d.a? + -7-dy+ -7~»* = ^' -r^ 
a^r dâ? d<r do? 
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du . dv' dw , _ dd> 
~-dy -f — -dy -h 3-- diîr = d . -^ 
dy ay dy dy 

du , dv , dw , _ d0 
-7- o» + --- diî? + -—- di> = d . -~ 
a« dz dz dz 

Hence, if we add cquations (a), after having mulfipKed the 
first by doBj the second by dy, the third by dz^ we shall hâve, 

^,d/p^Xdœ'\- Ydu-\- Zdz^di~-^ud.-^--v,d.-^—'W,d.-^\ 
p dt dœ dy dz 

and puttîng -^, -^, -^, m the place of u^ «, Wy thîs 

dœ dy dz 

équation may be thus written ; 

dà> . dé^ dé^ ddy^ 

The difFerentîals of p, -r^, and 3^ + -—5- 4- t^, which 

o^ d^ dy dz 

are indicated in this équation, ought to be taketi with respect 

to 0?, y, z, without making t vary. 

It is permitted to suppose the formula Xdœ + Ydy -{-Zdz 
a complète differential with respect to <», y, z^ of a function 
of thèse variables atid of t, since it is so in the case of 
attractive forces directed to fixed or moveable centers; and 
thèse comprehend ail the forces in nature which can act upon 
the particles of the fluid mass. Let therefore 

Xdœ+Ydy + Zdz=^dV. 

We shall hâve by integrating ail the terms of the équation 
above. 

As the intégration is relative to a?, y, z, an arbitrary function 
of t should be added : but this may be supposed to be includçd 
4(l> 



dt 



2E 
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' d^é d*4> d*d> 
207. An exact intégral of — ^ -f — ^ + -^ = 0, may 

, 007 dy^ dsr 

be obtained by supposing to be a f unction of 0;* -f y* -f «* 
and t ' 

Let a?* + y^ + «* = r*, so that becomes a fonction of 
r and t. Then 

d^ ^ d(f> dr ^d^ œ d^(f> _ d*0 ^ d0/l ^\ 
dx dr'dœ^dr'r' da/^ ^ dr^ ' 7^ drKr r^J 

Hence 

d*0 d*0 d^0 _ d«0 a?« + y'-fgg d0 /S ^ a?*-hy^-hg^ \ 



_ d«0 2d0 _ d^r0 _ 
"" dr* dr rdi^ 



Integrating, -^ =/(0; ^0 =/(0^ + ^(Oî 

This is the proper intégral of the équation (d); for the 
supposition that is a function of r and t^ is an artifice for 
effecting the intégration, the legitimacy of which is proved 
by the value of thereby obtained. As this intégral has 
been found whilst the origin of co-ordinates is arbitrary, and 
independently of any supposition about the manner of dis- 
turbing the fluid, it must receive a gênerai interprétation, 
and be understood as relating to the mode of action of the 
parts of the fluid on each other. The yelocity 



_ A /d^ dg dg _ d0 _ -F(Q 

By this resuit we are taught that the motions of the par- 
tides in every very small porticm of the fluid are directed 
to or from a point, and their velocities vary inversely as 
the squares of the distances from this point. 
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Thîs law of the action of the parts of the flùid on each 
other, may beverified by conceîving a spherical mass of the 
fluid to be inclosed in an expansible, envelope, and a small 
solid sphère to be placed at the center of the mass con- 
centric with it. By the insertion of the solid bail the fluid 
particles will be made to move from their original places 
through spaces, which vary inversely as the square of the 
distances from the center. 

It is to be observed, that the above law of the motion 
has been arrived at by supposing, that udœ-^-vdy-k'Wdz 
is a complète difFerential of a function of at^ yy ^i cu^d 
such vill be the case when the motion is directed to or 
from fixed or moveable centers, for the same reason that 
JCdw 4- Ydy + Zd% is a complète differential of a function 
of Wy y y %y when the forces are directed to. fixed or move- 
able centers. The motion resulting from the action of the 
parts of the fluid on each other, is found to be of this very 
kind ; hence the legitimacy of the supposition is established. 
The équations (d) and (c) are however inapplicable, when 
the particles do not change their relative positions by their 
mutual action ; that is, when the fluid mass moves as a solid 
would. In this case has no longer existence, and the 
pressure is determined by 

^ ==/( JTd^ -f Ydy -h Zdz) + C, 
P 

Xy F, Z including the forces resulting from rotation. 

208. In order farther to illustrate the nature of the 
intégral obtained above, I will consider the case in which 
. the motion is in space of two dimensions. 

Let the plane of motion be that of xy. Then wé 
shall hâve simply 

d"^^ d^ _ 

d^ ■*" d/ - ^' 

Assuming, as before, that y is a function of t and tV^ + jf 
or r*, 



t 

d<]> d<l> dr d<]> x 
dœ dr dœ dr r^ 

„ d«0 d*0 d«0 d0 

Hence — ^ + -~V = -j^ + -f = 0. 
oâ7 dy dr rdr 

rd(f) rd(f> 

^ ' dr dà> rd*(h „ ' dr 

But — -— = -^ + -T-T-- Hence ; — = 0. 

dr dr dr rdr 

ïntegrating, ^^:=f(t),, =:/(f) log r + F(t). 

It thus appears, that the velocity -— is - — - . The 

meaning of this resuit may be illustrated as before, by con- 
ceiving fluid to be contained in a cylinder capable of ex^ 
pansion in the direction of thé radii, and a very slender 
cylinder of solid matter to be placed with its axis coincident 
with the other. The fluid particles, by the insertion of the 
solid cylinder, will be moved from their original positions 
through spaces which vary inversely as the distances from 
the axis. 

As the intégral of — -^ = --— is also (see Lacroiœy 

dœ d%f 

Art. 319.) 

= F(a?->/^y) +/(r + V3îy), 

it is important to shew^ that when the origin and direction 
bf co-ordinates are indeterminate, this amounts to the one 
already found. 
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tience — ^ and — cannot both be possible, unless À^Â 
dœ dy 

and B^iB'; that is, unless F' and /' be the same functions. 
As the direction of axes is arbitrary, let y = 0; then 

^ = 2/-», and^=0. 

This proves that the velocity îs directed to or from the 
origin of co-ordinates, and is equal to twice a function of 
the distance of the same form as F'. Hence, 

Let «r + y^ — l=m, a? — y >^ — l^sw; so that 
2y=(w — m)^ — 1 and r^= 



mn. 



Then, F\m)--F'(n)=:%:^F\J^) 



= V^ r (,/^) - \/^F' ( V^). 



As this équation is identical, F' {m) is the same as 



\/l X r(Jmn). 



Hence F'(^i^mn) must =x -—■==: and the velocity 

mn 




r 

C being an arbitrary function of the time. This is the 
same resuit as was obtained before in a différent manner. 

209. The intégral in Art. 207, which is gênerai in regard 
to the peculiar character of the motion of the fluid, having 
been thus obtained, we may proceed to apply it to particular 
cases. For this purpose, an origin of co-ordinates and di-- 
rection of the axes must be iixed upon. 
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Let a, jS, 7 be the co-ordinates of the point from which 
or towards which the motion at the point whose co-ordinates 
are œ^ y, » tends. Then 

The équation -—^ + -7^ + -r? = ^9 "^^ ^ satisfied by 
^ dar dff dsr 

this value of 0, for a, /3, 7 are in gênerai functions of 

œ^ y, Zy and the time, but may be considered constant for 

an instant, while œ^ y^ % vary a little, for the same reason 

that the center of curvature of a curve is a constant point, 

whilst the co-ordinates vary a little. The chief diflBculty in 

the complète solution of a proposed problem, is the ascer- 

taining from the data the values of a, /S, 7- But some 

circumstances of the motion may be arrived at without the 

knowledge of thèse functions, as I am about to shew in the 

following instance. 

If any part of the motion be known to be rectilinear, 
we may consider this part by itself, whatever be the rest 
of the motion ; for the arbitrary functions which occur in the 
intégral, teach us that there is no necessary connexion between 
the motion at one point and the motion at another, excepting 
such as we choose to impose. Suppose fluid to issue from 
a small circular orifice at the bottom of a vessel, the form 
of which is generated by the révolution of any irregular line 
about an axis. The axis is supposed to pass through the 
center of the orifice. It is plain that along the axis the 
motion will be rectilinear, as there is no reason why there 
should be déviation in one direction rather than another. Let 

this line be the axis of œ, Then v = 0, w = 0, sf = 0, y = 0, 
/3 = 0, 7 = 0; 

0=/(Q + — ^, and Vz^gw. 

For simplicity, I will take the case in which the fluid is 
retained at a constant élévation, and the motion has attained 
its ultimatestate, so that the velocity is the same of ail particles 
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passing through the same point. Then because the velocity 

d(b F(t) 
= ~ = — ^ , in the case supposed both F (t) and 

a are independent of f, and -^ = /' (t). The équation (e) 
consequently becomes, supposing /t> = 1, 

Also it is permitted to consider ;independently of the rest 
of the motion, that which takes place along any irregular Une, 
always drawn in the direction of the motion of the particles 
through which it passes. In this instance, when the fluid 
has arrived at its ultimate state of motion, F {t), a, /3, 7, are 

ail independent of t, Hence as before -~ =/' (^), and if' 

q = the velocity, 

This agrées with Chap. II. Art. 137- 

210. With respect to compressible fluids, the équations 

in the gênerai case are of too complicated a nature to be treated 

of hère. Happily however, the most interesting case, that in 

which the motions are small, and no extraneous force acts, 

présents the fewest mathematical difficulties. In this case we 

may omit in the équation (Art. 205.) the terms involving 

dp dp dp 
w, V, w^ as factors, because -p- , -— , — ^ , must also be small. 

dw dy dss 

do du dv dw 

Hence -y: + :r- + y- + T- = ^' 
pdt dœ dy dz 

or supposing d(j} = udœ + '^dy + wdz, 

d.hXp ^(p d^ d^<p _ 
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Let p = a* p. Then /^-^ = «* /*— - 

Hence équation (d) becomes, neglectîng the square of the 
velocity, 

^ p dt 

a'd.h. 1. p cPd) 

Hence = — » — ^ , 



so 



"■•'^*="(s-^t+0> 



Hère again^ as in the équation for incompressible fluids, an 
exact intégral may be obtained by supposing ^ to be a func- 
tion of r and t ; and the intégral, as before, has référence to 
the circumstance that the motion of every very small portion 
of the fluid is directed to or from a fixed or moveable center. 
We shall arrive at the équation 

df ^ " "di^' 
the intégral of which is, 

r^ = F(r^at) +/(r4-o0» (Lacroiwj Art. 319.) 

The function F applies to a motion of propagation from the 
center, the function / to a motion of propagation towards the 
center, as will be understood from the discussion of the analo- 
gous équations for motion in space of one dimension, which 
is given in the Appendix. 
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HYDROSTATICAL INSTRUMENTS. 

BRAMAH'S HYDROSTATIC PRESS. 

211. L and H (Fig. Sf5.) are vertical cylindrical cavîties 
în a solid mass EF of métal or other strong material. The 
diameter of H îs considerably less than that of L, and they 
communicate through a pipe Jltf JV^. LA is a, strong piston or 
solid cylinder of iron fitting closely to the surface of the cylinder 
Z, moveable in it, and terminating in an extended surface 
at J?, where the pressure of the instrument is applied. CH is 
à piston similarly applied to the other cavity H^ and moveable 
by means of a lever DO, whose fulcrum is at O. At H is 
a valve closing downwards, and beyond it the cylinder is 
continued to a réservoir G. The channel MN contains a valve 
closing in the direction MN. The lever DO being raised, 
the valve H opens, and water is made to ascend, as in the 
common pump, from the réservoir G into the cavity H. The 
lever being then pressed down, the valve closes, and the water 
is forced through the channel NM beneath the piston L, The 
whole of the fluid having been expelled from H^ the piston 
is drawn up, and the opération repeated. 

The pressure thus produced on the bottom of the piston 
at Ly and effective at B^ is to the force impressed at H^ as 
the section of the piston HC to that of the piston LA. 

212. Let fi, and r be the radii of the pistons LA and 
HCy L the length of the lever OD^ l the distance of the 
piston rod from O, and P the power applied at D\ 

2F 



eâ6 



Therefore the pressure produced hy P &t H = — P, 

pressure at 5 = -5- . (pressure at H) ; 

T 

therefore pressure at ^ = —T ' "' 

This press appears to présent the simplest and most eflTective * 
of ail mechanical contrivances for increasing human power. 

The limit to its practical application is found in the 
extrême slowness of the ascent of the piston j?, when the 
ratio of the radii of the cylinders is considérable. 

THE HYDROMETER. 

213. The Hydrometer is used for determining the spécifie 
gravities of fluids. In its simplest form it consists of a hollow 
sphère C, (Fig. 57.) one of whose diameters is prolonged in 
the stem BA, and to the other extremity of this diameter 
there is attached a second sphère D, so loaded with shot or 
quicksilver as to keep the instnunent in a vertical position, 
and allow of its floating in the fluids to be examined. 

Now if the instrument be made to float in distilled water 
it will sink to a point A^ such that the fluid it displaces 
may be equal to its weight. Let the distance AB be divided 
into any number of equal parts, and the divisions marked 
on the stem and continued upwards from A, Now suppose 
the instrument to float in a fluid, in which it sinks to the 
point P in the stem, distant w divisions from B. Calling 
M the mass of the balls A and B^ k the volume intercepted 
between each two divisions of the stem, D the density of water, 
ly that of the fluid, s its spécifie gravity, and a the number 



* If the cylinder H he ^ of an inch^ and L a yard in diameter^ 
a force of 41472 tons may be produced at B by a pressure of two 
tons at H, 
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of divisions in the portion of the stem AB; thç weight of the 
mass of fluid displaced, when the instrument is immersed in 
water will be represented by (ak + M) Dg, and when it is 
immersed in the other fluid, by {œk + M) If g, Now each of 
thèse quantities is equal to the weight of the instrument ; 

.-. {œk-^-M^iy = {akArM)D% 

M 
_D_ ak-\-M _ ^ '^ k 
' ^ '~ D '~ wk + M " H 

214. The most convenient method of adjusting and 
diyiding the instrument is, coïnmencing the division from any 
point in the stem, which circumstances may point out as moât 
convenient, to continue it upwards at equal intervais, and then 

to détermine the constants a and —, by immersingthe instru^ 

ment successively in two différent fluids, whose spécifie gravities 
«' and «" are known. If a?' and w" be observed values of w 
measured from tlie point where the division commences, and 
M the whole mass of the instrument below that point, we hâve 

M M 

k k 

M 

From which équations a and — may be determined, and the 

spécifie gravity corresponding to each division (œ) marked on 
the stem. 

M 

216. Resuming the équation s = --, we obtain 



k 



M 

a + — 
M k 

07 -h — = 

k s 
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DiflTereotiating widi regard to <r and <, 

M 

"""le 
d,r = — • . 5 — d«. 

Whence it appears that for any given small variation ds in 
the spécifie gravity of the fluid in which the instrument is 
immersed, the corresponding variation in the depth of im- 

M 

mersion varies as — , which quantity may be considered a 

measure of the susceptUnlity of the instrument. It increases 
as the weight of the whole and the length of the portion of the 
item below the first point of division increase, and as the spécifie 
gravity of the fiuid and the radius of the stem diminish. 

216. The Areometer of Mr. de Pardeuœ is in fact an 
Hydrometer of an extraordinary susceptibility produced by 
the extrême alenderness of its stem. The fluid whose spécifie 
gravity is to be determined by this instrument is placed in 
a cylindrical glass vessel, along its side a scale of equal parts 
is graduated, and the depth of the immersion is found by 
observing the division of this scale opposite to the extremity 
of the stem*. 

217. The principal obstacle to the use of the simple 
Hydrometer, is the inconvenience and difficulty of calculating 
and marking against the difièrent divisions of the stem of each 
instrument, a différent scale of spécifie gravity, and construeting 
the stem of that perfectly uniform thickness, which is necessary 
to the accuracy of the observations. 

218. Tp obviate thèse difficulties Fahrenheit coneeived 
the idea of sinking the Hydrometer always to the same depth 



* Such is the extrême delicacy of this instrument that the varia- 
tion of density produced by the falling of the Sun's Yays on water 
of the common température^ will instantly cause it to sink some 
inches in the fluid. 
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k 

by means of a weight to be placed in a cup at the end of 
the stem. 

Calling W the weight of this instrument w and w the 
weights respectiyely necessary to sink it to the same given 
depth in water, and in the fluid whose spécifie gravity («) 
is required to be determined, M the constant bulk of the 
portion immersed, and D' and D the densities of water and 
the fluid, we hâve 

gDM = W+o), 



D W + 



0} 






219. Differentiating, we get 

dw = (W+ w) ds = giySIds. 

Hence it appears that for a given small variation ds of the 
spécifie gravity of the fluid, the variation of the weight w is 
as M y that is, that the ^susceptibility of the instrument is 
directly as the bulk of the part of it immersed. 

220. Jfr. Nicholson has invented a form of the Hy- 
drometer in which it may be applied to measure the spécifie 
gravities of solid, as well as fluid bodies. 

Two métal cups B and C, (Fîg. 58.) are attached to 
a bail -4, the lower C being of suffîcient weight to keep the 
instrument in a vertical position. When the Hydrometer 
floats in water let w be the weight which must be placed in 
the upper cup B to sink it to a given point D, This 
weight being replaced by the body whose spécifie gravity is 
required to be determined, let w be the weight which must 
be added in order again to sink the instrument to D, 
The body and weight w' being now taken out of the upper 
cup, and the body placed in the lower, let a»" be the weight 
in B requisite a third time to sink the instrument to D. 

Call W the weight of the instrument, W that of the 
fluid it displaces when immersed to D, M the volume, D the 
density of the body, and D' the density of water. 
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Then since, in the two first cases the weights added to 
the instrument together with the weight of the instrument 
are respectively equal to the weight of the fluid displaced 
by the instrument, and in the third case, to the weight of 
the fluid displaced by the body and instrutnent, it follows 
that 

MDg + W +W=:.W, 

MDg + co" + W^ W -V MDfg. 

Subtracting the first équation from the second, and the second 
from the third, we hâve 

MDg = o) — ai', 

and Miyg = w' — w ; 

D w — w 

-'- * ^ ry ~ ~7i 7 • 



THE HYDROSTATIC BALANCE. 

221. The Hydrostatic balance is a contrivance for de- 
termining the spécifie gravities of solid bodies by observing 
the weights lost by their immersion in fiuids of known spécifie 
gravity. In its simplest form it may be described as a common 
balance in one of the scales of which the body is first weighed, 
and then, being suspended by a slender thread beneath it, 
again weighed when plunged in the given fluid. If w and (o 
be the weights necessary to produce equilibrium in the two 
cases, ù)^ù)' is the weight lost in the immersion, and is there- 
fore equal*to that of the fluid displaced. 

Calling therefore M the mass of the body, D its density, 
and /y that of the fluid, 

gMD = o), 

gMjy = (0 — o)'; 
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D 



w 



.'. 0- = :=n = ,; 



ly w- 



O) 



where <r is the ratio of the spécifie gravities of the solid and 
fiuid: If the fluid in which the immersion takes place be 
water, 



0) 

8 = 



W — 0} 



222. The équation gMD = wy is only true on the hy- 
pothesis that the weight w is determined in vacuo, or that, 
the body being of considérable density, its weight is ex- 
ceedingly great as compared with that of an equal bulk of 
the air in which it is weighed. 

To solve the problem with accuracy, allowance must be 

made for the buoyancy of the atmosphère. Let D" be its 

density, œ the true weight of the body in vtwuo, a/ in 
water, and w" in air; 

.•. gDM=wy 

g'D'Jltf =s(o — ai', 

gD''M=sw — a)'; 

.-. gM(D^iy) = w'; gM(iy'-^iy) = œ'-w'; 

D_ 



CaUing, therefore, s the spedfic gravity of . the body, and 
«' that of air, 

8—1 O) W 8 — W 



»'-i 



/ // » • • o f ff 



A correction, similar to the above, must be applied to 
ail the cases in which the weight of the body is not deter- 
mined in vacuo, Since the spécifie gravity of the atmosphère 
is variable, it is manifestly more accurate to weigh the body 
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in any other médium of known and permanent spécifie 
gravity. The same formula is applicable mutatia mutandis. 

THE HYDEOSTATIC BELLOWS. 

223. This instrument présents an illustration of what 
is termed the Hydrostatical paradox. It consists of two 
circular boards, A and 5, (Fig. 59.) firmly bound together 
by a cylindrical coating of leather or other pliable substance. 
MN is a tube communicating with the lower portion of this 
cylinder. 

Water being poured into the tube MN^ the boards A 
and B will separate. B will rise, and a weight Wy which 
is exceedingly great as compared with that of the fluid in MN, 
may thus be supported at B. The fluid in MN^ which îs 
thus efiective in supporting the weight ÎF, is manifestly that PJV, 
which is above the level of B. Calling k the section of the 
tube MN^ and K the area of the board 5, we hâve 

pressure on P k 

Lèt M be the volume of the weight Wy D its density, 
and Zy that of water; 



giy.PN.k k 
' gD.M "K" 

where s is the spécifie gravity of the weight W. 

224. If M* be the whole volume of fluid contained in 
the instrument, 

JS(jr+A)+— — = jlf'; 
,„ M'K-Mak 
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If the quantity of fluid M' contained in the vessel be in- 
creased by m, the corresponding ascent IS of the weight W 
will be represented by 

' or by 



K{K-\-k) K(K + k) ' -^ K^k 

/ 

cecil's lamp. 

225. The oil is in this lamp kept continually at the 
same heighty and thus supplied in the same quantity to the 
burner. 

ÂBD and -4CZ) (Fig. 6l.) are two hémisphères, of which 
ACD is solid and moveable in ADB^ which is hoUow, and 
has its interior diameter the same with the external diameter 
of the other. The oil is placed in the unoccupied portion 
MNB of the hémisphère ADJ^^ and as it consumes, its surface 
is kept continually at the same height by the révolution of 
CAD. 

Let P be the center of pressure and Q the center of 
gravity of the plane MNDj and G the center of gravity of 
CAD. And let OD = a, <B0D = 9; therefore (Art. 42. 
Ex. 3.) 

3 4i a . 

0P=--7ra, 0Q = - -; 

16 3 TT 

therefore pressure on MND 

4 a . ^ ira^ _ 2 



^QL.MND.Dg^- - sm0.—-.Dg = -a\DgBm9; 

therefore mom". of pressure upon MND 

3 2 1 

= — Tra - a^Dg sin = - a^Dg sin 6. 

3 
Also OG = - a ; therefore mom". of weieht of CAD 

8 ^ 



= CAD . OKgDl = -TTO^ . - a sin gK = - a^Dfg sin Q ; 

3 8 4 

therefore there will be an equilibrium if 

2G 
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-a^Ds sin ô = - a^D'g sin Q\ or if Z)' = - D. 

And this expression being independent of 9^ it appears that, 
if the spécifie gravity of the solid hémisphère be half that 
of the fluid, the equilibrium will obtain in every position of 
the former. 

THE DIVING BELL. 

226. The Dimng Bell is commonly a hollow cylinder 
or parallelopiped, one end of which is closed. It is immersed 
with the open end downwards, weights, if necessary, being 
added to sink it and keep it steady in its descent. As the 
vessel descends, the fluid continually exercises a greater pres- 
sure on the contained air, condenses it, and occupies a greater 
portion of the vessel.* The bell being constructed of such 
dimensions in référence to the depth to which it is to be sunk, 
that a sufficient portion may remain unoccupied by the fluid ; 
a platform is erected in this portion, on which those who 
descend take their station. 

227. Let œ be the height of that portion of the bell 
which is free from water when the top is sunk to the depth H. 
Now, if A be the height of an homogeneous atmosphère, a the 
height of the bell, D the density of the extemal air, D^ that 
of the air in the bell, and D' that of water, 

g\hD-\-{H^œ)Lf\ 

will represent the pressure on an unit of the surface of the 
air contained in the bell. Also the unit of pressure arising 
from the elasticity of the internai air is ghD^\ 



* The method now commonly adopted is to form a communica- 
tion between the bell and the surface^ by means of a leathem pipe 
through which the air is continually forced by a condensing pump^ 
and the surplus escaping under the edges of the bell ascends through 
the water. The air is thus continually changed and made fit fbr 
respiration^ and the bell is kept entirely free from water. 
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But the quantity of air in the bell being the same as before 
immersion, and the section of it the same throughout, 

Or calling 8 the spécifie gravity of air, 

x^ -h {H H- hs) œ = hsa ; 

HERO'S FOUNTAIN. 

228. ABCD (Fig. 62.) is an air-tight vessel connected 
with another vessel MKN and sustained above it^ hy tubes 
DM and JVJC, of which, DM reaches nearly to the bottom of 
NK and passing through AC communicates with an open 
réservoir above it, and NC proceeding from the top of KN 
reaches nearly to the top of AC. GF is a tube proceeding 
from a point near the bottom of JC, and communicating 
with the external air by a small aperture at jF. 

Suppose the vessel ADCB to be filled with water to 
the height of the extremity of the tube NC^ And let 
water also be poured into the open réservoir which is above 
ABCDy and communicates with the tube AK. The fluid 
will descend through the tube AK and occupy a portion of 
the vessel MKN, compressing the air in that vessel with a 
force équivalent to the weight of a column of. water of'the 
same base with the surface of the fluid, and of the altitude 
AK. The air thus compressed in the vessel MKN, in the 
tube NCj and above the surface of the fluid in the vessel AC, 
will exert on the latter surface a pressure, whose unit is greater 
than the unit of the pressure (of ^ the external air) on the 
surface of the fluid within the tube FG, by the weight of 
a column equal to the height of the* surface of the fluid 
in the réservoir above that in NK Hence it appears, that 
the fluid will be projected through , the orifice at F, and 
raised to the height A V above the surface of that in AC. 

229. Let P and Q be any positions of the surfaces of 
the fluid in the two vessels. Let NQz=:x, PC^x^, AMssa, 
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K and K^ sections of the vessels, and k of the aperture F^ 
M the content of the vessel NK^ m that of the tube CJV, 
and t the time from the beginning of the motion. Now, 
the air at présent occupying AP^ MQ^ and the tube CJV, 
before the motion and under the pressure, occupied the spaœ 

h + a + z M+m 

h ■" 'Éz~^ Kz +m ^ ^' 



i i 



Also the pressure at F is equal to that of the column AV^ 
less the column FP'\ 



.'. velocity of projection = ^J^gia-k-z-^zy^ 
^ ^, P àz^ 

Eliminating z between thèse équations, and integrating; x^ 
ajad z^ and therefore the velocity of projection and the 
height of the fountain may be found in terms of t. 



THE COMMON PUMP. 

230. AB and BD (Fig- ^^^ are cylinders connected 
together as in the figure. Axf B is a valve m' closing the 
lower cylinder and opening into the upper. Jlf is a piston 
accurately fitting the interior surface of the cylinder AB^ 
and moveable along it by means of a rod Efi and a lever 
FF, In the center of the piston is an aperture /i, closed 
by a valve which opens upwards. The cylinder AB is 
terminated by a réservoir AF. The instrument is placed 
vertically, the suction pipe BD being immersed in the fluid 
intended to be raised. 

To explain the action of the pump, conceive the piston 
M to be depressed to B^ the air in MB forcing up the 
v^ve [k and escaping through the aperture. The piston M 
being then at B and both valves closed, suppose it to be 
drawn up again to A, By the ascent of the piston Jf, the 



valve jUL remaining closed, and no air being suffered to enter 
between the surface of the. cylinder and the edges of the 
piston, the pressure of the air in JB on the tcpper surface 
of the valve ft! wiU be removed. The pressure, therefore, 
upon its inferior surface, arisîng from the elasticity of the 
air in BC^ being no longer counteracted by an equal and 
opposite pressure upon its superior surface, the valve will 
open, and the air in BC expand itself over the whole space 
AC' Its density and therefore its elasticity will thus be 
diminished, and the pressure on the surface of the fluid 
within the tube BC will become less than that of the sur- 
rounding atmosphère on an equal portion of the surface 
C'C" of the fluid without it. The equilibrium of the surfaèe 
Ce" therefore will be destroyed, and the fluid will ascend in the 
tube J?C, until the weight of the column CP above C is such, 
that the pressure on the section within. the tube at C is the 
same with that on an equal portion of the surface without it. 

Let the piston be now again made to descend from A to 
5*. The air in AB^ by the continuai contraction of the space 
in which it is contained, will again be brought to a density 
greater than that of the extemal air, the valve /ùt will therefore 
' again be forced open, the air beneath the pistoA will escape, 
and by its re-ascent the air in BP will be still farther rarified 
by expansion over the space AP, 

The equilibrium will thus again be déstroyed, and restored 
by a farther ascent of the surface P. And thus by repeated 
strokes of the piston the fluid may be raised to the level 
of S, and made to pass through the valve ix into the barrel 
of the pump BA. This being once efFected, at each descent 
of the piston a portion of the fluid will force itself through 
the valve /i into the space above it, and at each ascent will 
be raised ihto the réservoir AF^ and discharged through the 
spout. 

231. Let P be the position of the surface of the fluid 
after the n^ stroke of the piston, A„ the height of a column 

♦ The air in ABP being of the same uniform density, the valve /a' 
will close by its own weight. 
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of water which would at this time be supported by the elas- 
tidty of the air in J5P, and let BP=iW^; also let A„+i, ^n + i 
be quantities similarly taken after the (n + l)^ stroke. Let k 
be the height of a column of water whose pressure is equal 
to that of the extema] atmosphère, ABssa, BC^bj ir=section 
of AB'f k = section of BC^ Then since the elasticity of the 
air in BP together with the weight of the column of water PC 
is equal to the pressure of the atmosphère on an equal portion 
of the extemal surface CC; we hâve 

^n + (^ - ^1.) = A ' 

• • An — ^« = A - ^ 
and this is true for ail values of n; 

•'• ^H+l — ^n+l = A — 6. 

Again, since A„ and A^^.^ are as the densities of the air 
in the pump after the n^ and (n + 1)*** strokes, and that by 
the {n + 1)***, the air in BP is expanded over the spacë AQy 
(Q being the position of the surface after that stroke); we hâve 

Therefore eliminating ar^+j, 

A,^, {jra + A(A„+,-A+6)} =AA,^„; 

232. The length of the pipe BC is necessarily less than A, 
since, otherwise, before the fluid has risen to J5, the weight of 
the column PC will be equal to the atmospheric pressure on an 
equal portion of the surface C'C", and could even a vacuum 
be produced m MP, no further ascent of the fluid would 
foUow. 
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233. In practice, the valves cannot be made accurately 
air-tight, nor can the piston be made accurately to fit the 
interior of the barrel, or to descend entirely to its lower ex- 
tremity B, This last cause may entirely arrest the action of 
the pump. Suppose the play of the piston to be through 
the distance a' instead of a, or from A to B^, 

At every descènt of the piston^ the air in AB will be com- 
pressed into the space BB'. Now it is necessary that its 
elasticity when thus condensed should be greater than that 
of the external atmosphère, since otherwise the valve jul will 
not be raised and no further raréfaction can take place beneath 
it. Now the elasticity of the air in AB after the n^ ascent 
is sufficient to support a column of water A„. If therefore hj 
represent similarly the elasticity of that in BB\ after the n^ 
descent of the piston, since the elasticity of air is as its density, 

JT (a - a') V = ^«^« ; 



a — a - 



Now the column of water supported by the external air is A. 
Therefore in order that the action of the pump may continue 
after the w**^ stroke, h^ must exceed A, 



ah 
or 



— ^, > A or A„ > ( 1 I A. 

a — a \ aj 



To détermine the height àt which the ascent wiD cease, we 
hâve, since A„ - a?„=A — 6, 

(a\ , ah 
1 lA; .*. h--œ^< . 
a / a 

If therefore h be not less than the quantity — A water cannot 

a 

be raised into the barrel of the pump. 

234. If X^N^hj it is clear that the water entering the 
barrel at each ascent of the piston cannot rise cùbwe N, In 
order therefore that the pump may discharge at çvery stroke. 
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of the piston its mammum qtumtity of fluid the distance of 
the extrême ascent of the piston above C must eœceed the 
quantity h. If the surface C'C sink continually with the 
discharge, the quantity of water raised at each stroke will 
begin to diminish wjien AC becomeà less than A, and the 

discharge will wholly cease when BC is less than h. 

« 
» 

235. To détermine the height H ot & column of water 
whoseweight is équivalent to the pressure on the piston Afy 
when the surface of the fiuid is at any point N above it, 
we hâve: pressure of fluid in CM uptvards on Jf = the 
weight of the column /* — CM : pressure downtvards on Jlf = 
weight of column H + NM + h ; 

.-. NM -h h -- H = h - CM, 

. .\ H=:CM + NM = CN. 

AKCHIMEDES' SCREW. 

ABC (Fig. 66.) is a tube wound in a spiral direction 
round a cylinder, which is moveable about its axis, and inclined 
at a given angle to the horizon. The extremity A is im- 
mersed in a fluid which flUs the portion of the tube AA\ 
beneath its surface. 

The cylinder is put in motion about its axis, so that the 
extremity A and the portions B, C, &c. represented in the 
figure as nearest to the eye, may ascend whilst A\ B\ C\ &c* 
on the opposite side of it, descend. 

Now by the nature of fluid equilibrium, the surfaces 
A and Â tend continually to establish themselves in the 
same horizontal plane. The surface A being therefore raised, 
and Al depressed, by the motion of the cylinder, it js 
clear that the former will descend along the tube towards 
A' and the latter ascend towards B^ and thus a con-> 
tinual motion will be produced along the tube towards Z). 
After the first révolution of the cylinder; the fluid in A A' 
will be made to occupy the position BB'^ and the ex- 
tremity A being brought again to the surface of the fluid 
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to bé raised, the portion AÂ of the tube wîU be a second 
time filléd. By the second révolution this portion of fluid 
will be transferred to Bffy and that in BBf to CC And 
thus eventually ail the différent portions of the screw similarly 
taken will be filled with columns of fluid, which will continu- 
ally be made to move along it, and successively discharged at 
its extremity. AA\ Bffy &c. are called the hydrophorous 
arcs of the screw. 

To fiûd the équations tô the screw of Arcbimedes. 

Let the axis of the cylinder lie in the plane of œss^ (Fig- 67.) 
then the base ACO of the cylinder is perpendicular to that 
plane. From P, a point in the curve, draw PC parallel to the 
axis of the cylinder, and Cl), Dd, respectively parallel to the 
axes Oy, Oœ. Let AC=9y therefore CP^Q tan a; if a = the 
constant angle at which every eletnent of AP is inclined to 
ACO. Let z AOa/=:e\ 

then dist. of P from the plane of œss = CD = sin ; 

dist. of C from the- plane of %y = Dd = (l + cos G) cos e, 
and therefore, dist. of P from that plane 

= CP sin 6— Dd =î Q tan o sin e — (l + cos &) cos e\ 

dist. of D from the plane of œy = Od = (1 + cos 0) sin e ; 
and therefore, dist. of P from that plane 

= CP cos &+ Od = tana cose + (l +cos0) sine. 

If therefore, «r, y, », be co-ordinates of P measured from 0, 
parallel to the axes 0^, Oy, Oz^ 

then ,v=z6 tan a sin c — (1 + cos 6) cos e, y = sin 0, 

%=z0 tan a cosc + (l + cos0) sine (l); 

and the équations are 

«r = sin ~ ^y tan a sin c — (l + ^/l--p) cos e, 

z = sin'^y tana cose + (1 + ^i^y^) sin e. 

2H 
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CoB. l*he value of d^ corresponding to that point in the 
screw whose height above the plane of ay is a maximum, is 

given by the équation sin0 = ; as appears by making 

d« 

— = 0, in équation (l). 

THE AIE PUMP. 

236. AB and A'ff (Fig. 48.) are cylinders commonly 
of the same size, in which pistons R and Q are moveable 
alternately by means of rack work, the one ascending whilst 
the other descends. At the inferior extremities A and A' of 
the cylinders, are valves opening downwards. And at B and 
S are apertures communicating with a vessel from which 
the air is to be exhausted, and which is called the receiver. 

By the àscent of the piston P a vacuum is produeed 
in the space AP beneath it^ the valve A closing by the pressure 
of the extemal air. When the piston has ascended above 
the aperture By a communication being opened between the 
receiver and the vacuum AP^ the air from the former rushes 
into the latter space, and the whole acquires the same unifonn 
density. On the retum of the piston P, the air thus occupying 
the space AB is condensed until it acquires sufficient elasticity 
to force open the vdlve A^ when it is expeUed, and a second 
exhaustion takes place by the re-ascent of the piston. The 
action of both pistons is manifestly the same, and thus for 
each descent of either piston a volume of air is expelled 
from the machine equal to the content of either cylinder. 

237* Let M be the content of the whole machine^ 
receiver, tubes, and cylinders. Let N. be the content of either 
cylinder or barrel, and let 2)„ be the density of the àîr 
contained in the machine after the v^ stroke. Now D^M 
is the quantity of air contained in the machine after the r^ 
stroke, and the volume N of it, or the quantity D^N, is 
expelled by the {n+iy^ stroke; there remains therefore in 
the machine the quantity of air D^M — D^N after the 
(n -f 1)*** stroke. And this is expanded over the space M; 



^3 



if 2> represent the initial density of the air. 



THE CONDENSER, 

238. AB (Fig. 49.) is a cylinder, communicating with 
sir receiver il/, and P a piston moveable in it, in which and 
at Bj are valves opening downwards. 

The piston Pbeing forced down the barrel, the valve 
in it is closed by the elasticity of the air condensed beneath 
it, whilst the valve at B is forced open. And when the 
piston has arrived. at B, the whole of the air in AB has 
been forced intp Jlf . On . the teturn of the piston the valve 
B closes by reason of the excess of the elastic force of the 
air in M over that of the extemal air, admitted, through 
thé valve in P, into the space BP, No air therefore escapes 
from My and at every descent of the piston a quantity of 
air equal in volume to the content of the barrel, and of the 
s^me density witb the extemal air, is forced into it. 

239. If therefore Z>^ and D^+i be the densities of the 
air in M after the n^ and (n + l)^ deàcents, M its content 
and N that of the barrel, also D the density of the extemal 
mr, then 



4 



•• ^»+i-A. =^/>; 



••• *. = ^ {■ - ^ 



844 

240. If tbe piston do not descend immediately to the 
bottom of tbe barrel, and tbe space intervening between its 
extrême descent and the receivegr> be m, 

by tbe solution of whicb équation of finite différences we obtaîn, 

ND 



-■'H^ï m * lï - '] - 



M 



The above solution itpplies to the case in which a given volume 
of air, m, is supposed at each ascent to escape from the çon* 
denser whilst the valve B is closing. 



THE BAROMETER. 

241. A glass tube AB (Fig. 47.) having its extremity 
A hermetically sealed, \s JïUed with mercury and inverted in 
a vessel of the same fluid. Now it is neeessary to the equi* 
librium of a heavy fluid that the unit of prefissure on e^ery 
portion of a horizontal section any where made in it should 
be the same. The surface P of the fluid in the tube will 
therefore descend*^ until the unit of pressure on the hori- 
zontal plane CC is the same ¥rithin and without the tube. 
Now within the tube, it is the weight of the superincumbent 
column of mercury CP, and without, it is the weight of the 
superincumbept column of air. The weight of the mçrcury 
in the tube of the barometer, is therefore a measure of the 
weight of a column of the atmosphère extending from the 
place of observation to its surface. Also this last weight 
is pro^K>rtional to the elasticity and density of the air at the 
place of observation. 

* The length of the tube is hère supposed to exceed the height 
of a column of mercury équivalent in weighjt to the atmospheric 
pressure. 
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Now if the density of the mercury in the baromeier were 
always the sapie, its weight would vary as its height in the 
tube, and this height would be an accurate measure of the 
weight, elasticity, and density of the atmosphère. This is 
however by no means the case. The density of mercury in 
common with that of ail other bodies varies with any varîa- 
.tion in the température. 

242. It is found by experiment that mercury expands 
or contracts by equal fractions of its bulk for ail equal in^ 
crements or décréments in its température. And that for 
the variation of one degree as measured by the centigrade 

thermometer, the corresponding fraction iç -g^, Hence if 

V be the volume of any given quantity 'of mercury at the 
température T® ; then at the less température T'^, this volume 

will hâve been diminished by the quantity . V. And 

if D and 1/ be the corresponding densities, since the quantity 
of the fluid is the same. 



i * 5412 5 T^—1 

" 5412 



Hence if H' represent the height of the mercury at the 
température 7^^, the weight of a column whose base is unity 
is represented by 

1 

5412 

Also, if density (7^, Jff"), represent the density of the air 
at the température T' of the mercury and height cf barometer 
H'j we hâve 

density iT\ iT) = — ^^^, 

1 ^ 

5412 

similarly densUy {T^, H) - CDHg; 
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density(T^,H') pressure iT"", H') \S) 



' ' density (7*, H) "" presswe (7^, H) "" _ T^-T^^ ' 

5412 

243. We bave hère suppiosed the force of gravity to 
be the same at the places of observation. If, however, the 
observations be made at différent distances from the Earth^s 
center, this will not be the case. Suppose one made at the 
Earth^s surface, and the other at the altitude z above it ; 

.: dmtUy (T'y a, ») =. ^JiXf . 

density (T, -H,) = C.HDg\ 

density (T'°,H',«) pressure (T^H^z) \U ) / g v 

• density (T*, H, 0) ~ pressure (7»», H, 0)" / T^-T\ ' \â+i) 

\ 5412 / 

244. To détermine the heights of mountains by means 
of barometrical observations. 

By Article 125, we hâve, if p and p' represent the unitft 
of atmospheric pressure at the Earth^s surface, and at the 
altitude % above it. 



(?)- 



t + t 

1 + -— 
500 

therefore by the last article, 
h. 1. 



?(« + «) 



j\ 5412 / /a + ^\^r __ cagz 
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Whence we obtain 



245. The constant — may be determined by observing 

the values Hj H'^T, &c. for some known value of %. It 
bas been ascertained by numerous observations of this kînd 
to be 10050 fathoms in latitude 50®. The quantity g is how- 
ever variable with the latitude. Generally for the latitude X, 

— = (10050) [l + -008837 cos2X} ; 
cg ^ » ^ 

/, % = (10050) h H- -002837 cos2Xi ^1 + — ^> 

^ * C 500 S 




5412 



H' 



+ 2h.l. (1+^)7 (l + -) 



246, To Jind tfie altitude of the mercury in the haro^ 
meter when a portion of air haa been allowed to remain in 
the upper part of the tube. 

' Let the air in the tube, when of the same density with 
the external air, occupy the space AQy (Fig. 47.) and let 
the merçury stand at P, AB=:(i9 AQ=:b, JP=^, A = the 
height at which the merçury would stand if a vacuum were 
produeed above it, A' = the height of the column of mercury 
. which would be sustained by the elasticity of the air in 
AP. Now the densities in AQ and AP are as h and A'. 
Also the quantity of air in each is the same; 

.% hb = A' (a— ,!r) 
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Now the weîght of the column BP^ and the elastic pressure 
of the air in AP on its surface, are sustained by the pressure 
of the external air ; 

.-. A = A' + or; 
hh 



A — ar 



= a — ar. 



Whence œ may be found, or if â7 be observed, the true 
height A of the barometer may be found. 



THE S£A GAGE. 

247- AB (Fig. 46.) is a vessel perforated with holes, within 
it is firmly fixed, in a vertical position, a glass tube, having 
one end hermetically dosed, and the other immersed in a 
cup of quicksilver. ^ is a hollow sphère, whose buoyancy 
is suificient to raise the instrument, when a weight W hung 
at the bottom of it is detached. The instrument is allowed 
to sink in the water whose depth is to be determined, and 
there is a mechanical contrivance by means of which, when 
it strikes the bottom, the weight W is detached, and the 
gage made to re-ascend by the buoyancy of the bail. The 
height to which the mercury has been tnade to ascend in 
the tube, is marked by the adhésion of oil or any other 
viscid substance, placed on its surface, to the interior of 
the tube. 

248. Let A' be this height (JfP), and A the height 
of the barometer at the surface, and œ the depth of the fluid, 
/ the length of the tube above the surface of the mercury in 
the cup. Now the column of mercury which will be sustained 
by the elastîcity of the air is as its density. Let A" be the 
height of the column which would be sustained by the elas- 
ticity of the air in JVP,; 

.-. A"(Z-A') = hl 

AUo the elastidty of the air in NP + the weight of the 
column MP = pressure of the atmosphère on the surface 
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i 

é 

ofjluid + the weight of a column of water 0wtending t^ tk$ 
bottom. 

.'. Dh!'-\-Dh^Dh-\-D'w, 
where D = the density of mercury and D' of water ; 



.'. wzzzcrh' =^ 



l-h! 

1 



- (t) 



whence it appears that if the tube be dividedjnto m equal parts, 
iind the mercury ascend to the 72^^ division of the scdle 



07 = 



n 

1 

m 



CLEPSYDRA. 



249. The clepsydra or water clock is a contrivance for 
marking the time by the diescent of the surface of a fluid which 
flows through a small aperture in the base of the vessel which 
contains it. 

Suppose the véssel a prism. It is réquired to détermine 
what scale must be marked on its side, that the coincidence of 
the descending surface with the successive lines of the division 
may mark equal successive .intervais of time. 

•Let œ be the distance of the surface from the base of the 
vessel at the end of any time t^ from the beginning of the motion ; 
when let the value of œ hâve been a. 

Let JT be a horizontal section of the piism, and k of the 
aperture; 

.-. by Art. 143. œ-a ^ ^ ^ 4- -j|t^- 

Let A a? and A^ be corresponding incréments of x and Y; 

K xA 

8l 
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whence we obtain 



The time t is of course in seconds. To détermine the divi^ 
sions corresponding to successive minutes of time, write for 
A ^9 60'' and give to t the successive values 0, 60^', 120'\ &c. 

If—» \/ A/ = 0, the distance of the divisions will vary as 

the time. 

250. To find the form of a clepsydra such that the whole 
descent may vary as the time from rest, or the surface descend 
through equal distances in equal successive intervais of time. 

Let JM (Fig. 60.) be the axis of the clepsydra, and PQ any 
position of the surface. Then since the vessel is regular and 
symmetrical about AMy each section PQ varies as PM*. 

het AM=a^9 PM^y, and let the section PQ^cy' ; 

.-. kvdt=z -^cy^dœ, 

Now if a be the height from which the surface has descended, 
by hypothesis /oca — a? = 5(a — «r); 
.-. dt= -—bdœ and .\ kvb = cf/^; 

••• ^bfj^œ^c^ and 9= f — \ a?i 



THE COMPOUND FLOAT. 

251. The compound float is used for compaiîng the velo^ 
cities at différent depths in a stream of fiuid. A and B (Fig. 44.) 
are two sphères connected by a thread, of which A is the lighter^ 

Being thrown into the stream, the balls will, after a certain 
time, hâve acquired a common velocity, and the float a perma- 
nent position. Let the common velocity V be observed, call ti 
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the velocity of the stream at A^ and ^Vtliat ut B, Let a and )3 
be the radiî of the balls. Conceive the velocity V to be com- 
municated to the whole System (the fioat and fluid) in a direction 
opposite to that of the motion of the float. The action of the 
fluid iipon the balls, and the relative position of the float and 
stream, will then remain precisely as before, and the float will 
be at rest. Now, resolving the forces which hold the float in 
equilibrium, in a horizontal and vertical direction, it is manifest 
that the latter destroy (since the system has no vertical motion) 
and that the former are the pressures of the stream on the balls 
A and B^ But at A the stream is moving in the direction A' A 
with the velocity V— v, and at B in the direction ff B with the 
velocity v — V, The résistances of the balls to the stream, or 
the pressures of the stream on the balls, are therefore represented 
by ca^(r—vy and c^2(«'— F)', (Art. 175.) And since thèse 
Constitute the only horizontal forces impressed on the float, and 
that they are in opposite directions, we hâve 

ca'(r-v)^-c^'(«'« F)^ = 0; 

If the weight of the float be adjusted so that the bail A may 
move in contact with the surface of the stream ; the velocity v 
at any depth below it, may be determined in terms of that at the 
surface; this last being ascertained by the motion pfib lighC 
body upon the current. Now in order that the bail ^ may 
just float in contact with the surface of the fluid, we must hâve 

(ra'-i-o-'/3^ = a' + /3'; 

where a and a are the spécifie gravities of the balls^ 

• 

262. To find the position the float will assume when in 
equilibrium ; taking A for the origin, \ for the length of the 
string, and for its inclination to the vertical ; since the vertical 

force impressed on B = |7r(o'' - l)/3V> ^^^ ^^^ horizontal 
force 5= ^ TT (-u' — r)^)3^, we hâve, by the gênerai équation of 
equilibrium, 2 {Xy — Yof) = 0, 
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iir(t»'-F)«/3».X.oo8é-|(ff-l)/3VX8in0 = O, 



.■.u»«=i; (•'-•')• 



pitot's tube. 

263. The bent tube ABP (Fig. sg.) open at both extremities, 
h plunged in the fluîd to the depth at whîch the velocity is re- 
qulred to be determined. The arm PB is kept in a vertical 
position, and AB turned first in the direction of the motion of 
the fluid and then in a direction opposite to it. 

la the former case, the surface P of the fluid in the vertical 
tube AP will be below, and in the other, above that of the 
stream. The weight of the fluid in AP being in both cases 
équivalent to the pressure at A, 

Calling V the velocity and z the depth ; since in the one 
case the motion of the fluid contiguous to A tends to in- 
crease the co-ordinates, and in the other to diminish them» 
(see Art. 171. Note); 

g^BP^gz^j^v* and gBQ^gz + ^v^; 

.•. gPQ:=zv^ and v = \/ gPQ. 

The distance PQ being observed, the velocity is therefbre 
known, 

HYDRAULIC QUADRANT, 

254. B (Fig. 45.) is a sphère suspended in a running 

stream by méans of a string attached to a fixed point A. AB 

is made to deviate from the vertical by the impulse of the 

stream, and the angle of déviation being observed, the velocity 

of the stream is thence deduced. Call the velocity t?, the 

radius of the sphère a, and AB , 6 ; .'. résistance onB = ^w a^»*. 

And îts buoyancy or the vertical pressure of the fluid upon it 

4 
i« represented by -wa^(<r — 1)^. 
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Therefore when the System îs in equilibrium, we hâve by the 
gênerai équation 2(Jiry— Fa?) = 0, taking A for the origin, 

^Tra^ôtJ^cosÔ— |7r6a^((r- l)ê'sînd = 0; 
.-. v = 4^^a^(o- — l)tan0. 

255. If the string BA pass over a pulley at A^ and a 
weight B be attached to its extremîty ; resolvmg the tension of 
P on £ in a horizontal and vertical direction, we hâve to take, 
in addition to the former forces, the two — PénO.g and 
^PcosOg; 

.\ g TT a^g (ûT — 1) — P cos d §•= 0, 
and ^wa^vr-^ Psin9g=iO, 

Thèse involve the preceding équation. Eliminating 0, 

From this last équation the velocity is kuown by çimply observing 
fhe weight necessary to prôduce equilibrium. 

THE COMMUN TUBE OR CONDUIT PIPE. 

256. A fluid descends freely in the tube AP (Fig. 38.) 
and escapes through its extremity A, P is any position of 
its surface, AP=8j AM=%, 

.-. (Art. 167.) v-^—^gJ . 

Suppose the tube to be composed of a vertical and horizontal 
arm as in Fig. 39. 

Let AB^a, BP=ix\ 

pssd% /*Cj ^ adz^ 



= 2/?<i2f, — z^a h. i. > 5 
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taking the intégral from z^ to z. If there be any number of 
elbows in the tube, similar to that at B ; the same resuit will 
be obtained, a representing the sum of the horizontal portions 
of the tube. 

257. If the section (JT) of the vertical portion BP 
of the pipe be greater than that (k) of the other ; adopt- 
ing the hypothesis of parallel sections, and calling x the 
height BP of the fluid in the vertical tube, we shall hâve 
(Art. 159.) 






Now, if tf be the length of the column of fluid, at any time 
contained in the tube BAy 

K k 

Also, if wi* =s the whole quantity of fluid contained in the^ 
tubes Kz + A« = w' ; 

.-. elîminating *, JV = — —^- z ; 

k^ Kk 

dN _ K^^k^ ^dz 

Nk*l K S Jr«»*-(jr« -&«)»' 

taking the intégral from a io z. 
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If the fluid, instead of moving contimially along the tube 
BAy escape from its extremity A; and the section k be 
exceedingly small when ccmipared with JT, so that the surface 
P may be considered stationary ; we shall obtain from equa* 
tion Bi (Art. 158.) 

where N is constant and s= h - ; 

K k 




The intégral is taken, above, on the supposition .that whea 
^sO, 0=0. 

/ 
1 

If the initial velocity be v^ 
Nk 



t^ 



\/2gâ 






^he qtcantity of fluid discharged 



^fkvdt = iNTA' / -^^ = Nk'' h. 1. 5!i^:i^l 

If the pressure of the fluid be in a direction opposite to the 
motion, a will become négative, and the quantity of fluid 
discharged wiU be represented by 

l^ga + ««5 
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THE SYPHON. 



258. If a bent tube PQ (Fig. 40.) be filled with a fluid» 
and one extremity P immersed in a vessel of the same fluid ; 
then if the other extremity Q be in the same horizontal plane with 
Aj the fluid contained in the tube will remain at rest ; if it be 
raised above this plane the fluid will flow back into the vessel ; 
and if depressed below, it will escape through Q and empty the 
vessel to the level of P, For the pressure within the tube at 
P is equal to the weight of a superincumbent column of the 
fluid of the height RM ; and that at Q to the weight of a colunin 
RN. Also the eœtemal pressure on P is the weight of the 
column of water PA^ together with that of thè superincumbent 
column of air, whilst that at Q is only the weight of the super- 
incumbent column of air. On the whole therefore, the column 
of fluid in the tube is thrust upwards at its extremity P by a 
force represented by the weight of a column of atmosphère 
diminished by the weight of the column of fluid RA' ; whilst 
at Q it is similarly thrust upwards by the weight of the same 
column of incumbent air diminished by the weight of the 
column of water RN. If therefore (as in the figure) RJÇ" be 
greater than RA'y the column will gîve way to the former 
pressure, and flow in a continuai stream through Q. If AiV 
be equal to RA'j or Q on the same level with A, the pressures 
at P and Q will be equal and the fluid will remain at rest. 
And if RN be less than RA\ the pressure at the extremity 
Q will be the greater, and the fluid will flow back into the 
vessel. The moving force in ail cases is the weight of the 
column A'N. 

The water in the syphon and vessel forms one con- 
tinùed mass, held together by the atmospheric pressure on 
the surfaces A and Q, so long as the weight of the column 
RN does not exceed that pressure. When this is the case, 
there is, in fact, no eflective pressure on the column QR up- 
wards, and it may separate itself from RP. If the weight of 
the column RA' also exceed the atmospheric pressure, no force 
will tend to press the column PR upwards ; and the two RP 
and RQ mvst separate from one another. A syphon cannot 
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therefore be made to draw water from the depth of more than 
33 feet, or mercury from more than 31 inches. 



CENTRIFUGAL PUMP. 

259. MLK (Fig. 41.) is a tube of which the branch ML 
is horizontal, and LK immersed vertically in a fluid; The 
cylinder LK is moveable about its axis, and at JT is a conical 
valve opening upwards. 

The tube being fiUed with fluid and put in motion about 
the axis KL^ a centrifugal force is generated iii tlie portion 
JfZ, and the parts of the column MLK being held together 
by the atmospheric pressure on its extremities, a motion is thus 
communicated to the whole. And a stream of fluid is con- 
tinually thrown ofiF at M,- 

Let a be the angular velocity ML = a, CL = l ; 

.-. (Art. 110.) f{Xdœ + Ydy + Zd%)^\a^a^^gl. 

Therefore the tube being full of fluid, and the motion having 
become uniform, 

(Art. ISZ,) p-'p'-\a^a^—gl'-\'o^^ 

Taking the intégral from the surface C (without the tube) 
where a, /, and « are each evanescent, to the surface Jf . But 
at both thèse surfaces p represents the unit ot atmospheric 

pressure ; 

r. ^a^a2-^/-^«« = 0- 

260. If H be the height of a column of the fluid whose 

weight is equâl tô the atmospheric pressure ; ^9,gH is the 
velocity with which it would ascend in the tube at C, pro- 
vided a perfect vacuum were produced above that point. 

Mj^gH is therefore a limit never exceeded by the actual 
velocity in the tube. Hence, we hâve the conditipn, • 

2K 
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261. Suppose a given quantity of fluid PLQ to be con- 
tained in the tube. Let CQ = », PQ = c, PL * p> Then 
since the Talue of p is, at either extremity, the unit of ai- 
mospheric pressure; we hâve, by the gênerai équation for 
motion in tubes, (Art. 165.), 

Now / — W + p = c ; ,\ dz ^ dp'^ 
.\ \ c^pdp —g- (/ — ») dz - cfdz = 0, 

From which équation the motion may readily be determined. 

barker's MILL. 

262. A bent tube (Fig. 42.) consisting of two arms at 
right angles to each other is placed with one of them in 
a hopzontal position, and made to be moveable about the 
axis of the other. The extremity of the horizontal arm is 
closed, and an aperture P is made in its side, through whicb 
a fluid, supplied in a continued stream to the vertical arm, 
is allowed to escape. The reaction at P gives motion to 
the System, (see Art. 46.) 

Suppose the whole to hâve acquired an uniform motion, 
the influx being constant, and the surface of the fluid having 
attained a permanent position in M. Let p be the unit of 
pressure on any point of the projection of the aperture P on 
the opposite side of the tube. Let PA^r, AM=iXy and 
let JT, K' and k be sections of the tubes AB and ACj and 
of the aperture P, 

V =5 the velocity of influx at B, 

V=: the velocity of the fluid in APj în contact wîth the 
projection of P, 
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V = the vdocity of efBux at ^P, 

a = the angular velocity of the system, 

p :=f(Xdœ + Ydy + Zdx) - ^ t>« + C, 

and taking the intégral from Jf to P, 

where p^ is the unit of aimospheric pressure. Now the 
eœtemal surface of the tube sustt^n^ the pressure of the 
atmosphère. The unit of effective pressure on the projection 
of P, is therefore p—p^i or 

And, on the whole projection, the oiomentum of the pres&ure 
is 

Suppose a force Pg to be applied to the machine, acting 
Mrith a momentum Pgc about the axis AB. Now since the 
motion of the machine is not accelerated the sum of the 
momenta of the forces impressed upon it = ; 

.'. \\a^r^'^gx^^{r^--V^)\rk'-Pgc^O (l). 

Also at the aperture p=:p/^ 

.'. iaV+^;î?-.^(D«-K«) = (2). 

Eliminating ^ a^r^ + g%^ we obtain 

^rk {«« - F'*} — Pgc = 0. ,.....(3). 

Now the infiuœ being given^ we hâve &t) = C also ad- 
mitting the hypothesis of parallel sections kv^K!y'\ 

Zgc 
The quantity F manifestly incveaaei as k ditninUhe». 



•'• ^ " ~ J&« ^ K"y 
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263. If the height AB of the vertical cylinder be given 
( = a), and the vessel be kept perpetually fuU, by équation (2), 



i«'(i~^) = i«*''* + «'«î 



Therefore by équation (3), 



.v..>|;i|| 



* i\a*r^ + go) 2 -y). - Pgc = 0. 



Whence a i& given . in tenns of P, and conversely. 

The other quantities being given, the weîght P will be 
raised with the greatest possible velocity, when the length of 
the arm AC 

3 Pc ^ "I" 
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264. We may conceive an instrument combining the 
prinçiple pf B^ker^s Mill, with that of the Centrifugal Pump. 
Suppose the tube BAC (Fig. 42.) to be înverted. Let the 
extremity B be immersed in a fluid, and let the machine 
he JUled with the fluid and put in motion about the axis of 
AB. 

The fluid will move up the tube and escape through 
the aperture P on the prinçiple of the Centrifugal Pump, 
and the re-action at P will tend to perpetuate the motion 
on the prinçiple of Barker^s MiU. 

Adopting the same notation, and supposing the machine 
to hâve attained an uniform motion, we shall obtain precisely 
as before, 
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rk i^a'r'^ga) ^ -} - Pgc = 0. 



Observing that the weight of the column ÂB tends to dimmish 
the pressures. 



montgolfiek's hydkaulic kam. 

265. The Hydraulic or Water Ram is a contrivance 
for applying the momentum of a current of fluid to raise a 
portion of it. 

The pipe AB (Fig. 43.) communicates with. a réservoir 
(or flowing stream) A, The point B being as fifir as may 
be convenient below the level of the fluid in A, Ai D is 
,an aperture closed by a valve which opens upwards into 
an air vessel E. In this last is inserted the tube EH through 
which the fluid is required to be i^aised. At C is a second 
aperture closing upwards by means of a loaded valve. The 
water flows down the pipe AB, and escapes through the 
aperture C, until having acquired its maximum* (or per- 
manent) velocity, the upward pressure of the stream on the 
inferior surface of the valve at this aperture becomes (by a 
proper adjustment of the loading) greater than the weight of 
the valve, and it closes. . The momentum generated in the 
moving fluid is now whoUy sustained by the coats of the tube. 
The valve D is ^iccordingly forced up, and the fluid is pro- 
jected into the air vessel E with the velocity it has acquired. 
The extremity of the tube EH is now beneath the surface 
of the water in the air vessel, and the air being compressed 
above that surface, the water is made to ascend within the tube 



* It will be shown hereafter^ that in some cases it is better that 
the fluid should ;to^ be . allowed to, acquire its maximum velocity 
before the valve at C closes. 
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to a height dépendant, upon the l^igth of the tube AB, and the 
height of the surface of the fluid in A, above the pomt B. It 
is clear that after the ascent of the fluid to its greatest height 
in the air vessel, the valve D wi)l close, and, the motion in 
ABC being destroyed, C will open by reason of its weight. 
The motion will thus be cantinuedj the fluid being alter^ately 
discharged at C, and thrown into th» air vessel at D. 

266. To simplify the theory of this instrument, let us 
suppose the valve D to open (not into the air vessel E) but 
into an open vertical tube of the same diameter with AB. 
Let P be any position of the èurface of the fluid in this tube, 
DP=iZj ABD = ay and let the altitude of the surface of the 
fluid in A above the point Bheh. Now the maximum velocity 
acquired by the fluid in its efflux through C, will manifestly 
be that with which it would flow permanently if that aperture 
continued open. And this uniform velocity is représentée! 
(Art. 166.) by ê^^gh. Now when the. valve C closes, the 
fluid is projected up the tube EH, with this velocity. To. 
détermine its motion we hâve (Art. l65.) 

Hence neglectin^ the pressure resulting from the motion of 
the fluid at A, and taking the intégral from A to P, 

0=^(A-») -/(« + »); 
/, vav=faz = : , 

Now when « = 0, v = tj^gh* 

Since the fluid is projected up the tube EH with that 
velocity ; 

.-. t)' = 2^ j(a + A) h.l. (^^) + (A-») 



^1 
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r* (iaV-ya) ^ V - Pgc = 0. 



Observing that the weight of the column JB tends to dimiuish 
the pressures. 



MONTGOLFIER'S HYDKAULIC RAM. 

266. The Hydraulic or Water Ram is a contrivance 
for applying the momentum of a current of fluid to raise a 
portion of it. 

The pipe AB (Fig. 43.) communicates with. a réservoir 
(or flowing stream) A. The point B being as î^r as may 
be convenient below the level of the fluid in A, At D is 
,an aperture closed by a valve which opens upwards into 
an air vessel E. In this last is inserted the tube EH through 
which the fluid is required to be i^aised. At C is a second 
aperture closing upwards by means of a loaded valve. The 
water flows down the pipe AB^ and escapes through the 
aperture C, until having acquired its maximum* (or per- 
manent) velocity, the upward pressure of the stream on the 
inferior surface of the valve at this aperture becomes (by a 
proper adjustment of the loading) greater than the, weight of 
the valve, and it closes. The momentum generated in the 
moving fluid is now whoUy sustained by the coats of the tube. 
The valve D is ^iccordingly forced up, and the fluid is pro- 
jected into the air vessel E with the velocity it has acquired. 
The extremity of the tube EH is now beneath the surface 
of the water in the air vessel, and the air being compressed 
above that surface, the water is made to ascend within the tube 



* It will be shown hereafler^ that in some cases it is better that 
the fluid should ;tor be.allowed to. acquire its maximum velocity 
before the valve at C closes. 
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Taking the intégral from 

/ = 0, tO / = , j=z , 

(«'-A)-s/i 

Again, to détermine tbe motion of the fluid, when.effluent 
through C Let a + a ' = AC. If then / be at any time the 
accelerating force on the column AC^ 

=^A -/(a +a'); 



and V = 



at o-f-a a -^a 

Taking tbe intégral from to t 

Now when the motion becomes uniform, v=z^2gh; 
ght M j ^ a '\' a" 



Tt = \/^gf^9 a^d ^ = 



This value of t represents the interval between each two 
successive projections of the fluid into the tube EH. If T 

represent therefore any given time, — ^ ^5 ^^ represent 

a -jr d 

the number of such projections in that time. Also 



(a+o')(a'~A) 
is the quantity discharged during each ; 

* * (a + a) {a + a") (a' -h)' 

represents the whole quantity discharged in the time T. It 
is évident that this quantity increases with A, which is es- 
sentially less than a. 

Also, the remaining quaptities being giyen, it increases 
with (a). For in this case it varies as 

a« 1 



(o + a) {a + a") 



777» or as- ;; ;;- , 



(■n)(-7) 

which last expression manifestly increases continually with a. 
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269. If C lie on the opposite side of Z), as is the more 
cômmon construction of the instrument; the expression for 
the discharge in the given time T will become 

(a -{-a) (a --a'') (a' - h)\ 

{a + a') {a' - h) 

Now this expression is less than the precedhig, the best con- 
struction is therefore tbat given in the figure. 

270. If V be at any tîme the velocity . of the fluid 
effluent àt C; D(gh-^^v^) wiïl be the corresponding unit 
of pressure on the inferior surface of the valve, and itd 
maximum value will be 2Dgh, Calling therefore k the 
surface exposed to the action of the qirrent, 2Dkgh will 
represent the maximum pressure on the valve, and the weight 
of the valve and loading must equal that of a super-incumbent 
column of fluid of the height 2 h, 

271. In the above theory of the Hydraulic Ram, we 
hâve neglected to' consider the motion of 'the fluid in the 
réservoir A, Suppose the section (JT) of this réservoir to 
be of ^nite dimensions, as compared with that (k) of the 
pipe. Then, adopting the hypothesis of parallel sections, 
we shall hâve (Art. 257.) for the time ôf efflux through the 
valve C 

\/^gh t^2gh^v} 

Also for the quantity of each discharge at -H", 



^^--'-r-^T 



V representing the velocity ^hich is, at first, communicated 
to the fluid in EHj and N' the value of N corresponding 
to the réservoir A and the tubes AD and DH. 

2L 
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Now, the number of discharges made in a given lime, 
at Hf varies inversely, as the time of each efflux at C There- 
fore the whole discharge of the ram varies as 






Now o' s= -^ very nearly. 

AJso, if the height (a) of the èxtremity H of the tube 
be exceedingly great, as compared with a; v h exceeding 
small as comp ared with v, and therefore, a fortiori^ as com- 
pared with »J%gh\ 

.-. discharee oc , . == , 

N'ka* «« 

Differentiating with regard to «, we shall obtain for the 
mammum dischaige, 

Jigh + v x>,Jîgh 

11» 1. 3==r— — — — - _ ^ U. 




Whence, writing ^ ^ — ^ = Q, 

Q^-4Q.h.l.Q-i =sO. 
This équation îs satisfied, by the value Q = 8.226 ; 

7.8226 r~ 4 y 

t^^gh = •- \f9.gh very nearly. 



/. t) = 



9.8226 



APPENDIX (A). 



ON TBB VBLOCITY OF SOUND^ AND ON THB VIBRATIONS OF 
A GTjLlNBBJCAL OOhVMK QF AI^.. 

In treating of the i^otions of a fluid, constituted like 
the air, the only principle on which the calculaltion rests, 
in addition to the perfect mobility of the particles, is, that 
the density is always proportional to the pressure. But 
notwithstanding the fewness and simplicity ai the principles, 
the gênerai considération of the motions of elastic fluids, 
présents great mathematical difficulties. In a few cases, 
hpwever, in whiçh, the conditions of the pçoblem are of % 
restricted nature, it is possible to arrive at résulta which 
may he compajr^ with çxperiment. Thie çi^ w€^ are abpuA 
to ccHisider, is of the simplest kind: the fluid is supposed 
to be confined in a very slender cylindrical tube, the motions 
of the particles to be very small, and no extraneous force 
to act. Let the transyerse section of the tube = 1 ; let 
ab (Fig. 68.) be a very small portion of the fluid at the 
distance Oa^œ firom some fixed oirigtn, the length ab^Sof^ 
and its density =i+«, the mean density being 1. Then 
the mass of ab^Çl+s)^^. Thèse values of œ and s may 
be suj^sed ta obtain at the end of a time t reckoned 
from a fixed epoçh. At the end of t + ^t, let ab be traiiB- 
fecred to ail witb a velpcity t^, which may he considered 
uniform for tlw small time et. Thea 

v'^v is the variation of v frora the point a to the ik>int b^ 
the time being constant. Hence, by Taylor^s theorem» 

v' xz t» -f. -j^ 5a7 + &c, 
dâff 
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We hâve then, Ob' = a?+ hœ + Iv + — ix\hty ultimately 

\ dx / 

Oa = d? + vht\ 

.-. a! y = 5^7(1+^ u\ . 

Let 1 + ^ + ^^ ^ the density of ab\ Then^ because 
the niass of a6 is the same as that of a'b\ 

(1 -f «) 5a7 = (1 + « + h) (l -f j-^t\ U. 

HeQce^ neglecting quandties of the second order, 

dfD >s, A v8 dv 

(l+8)j^èt + S8 = 0, or ^ + (l+«)— =0. 
_ ^ è.8 /d«\ , . , ^ - /ds\ da . ds dx 

®"* jt = \dt) "'*""^*^^y- ^"^ U) = d« + 5^ • di ' 

because « is a function of «r and t. In the^ case we are 

considering, « is a very small quantity. Therefore — is 

dw 
very small ; and — , which is equal to t?, is also very 

ds dx 
small. Hençe, neglecting 3— • tt 5 we obtain 

dx dt 

ds , ^ dv d.h. 1. (l+«) dv 
_^.0+,)_ = 0; or ^1— 2+- = (^). 

Let the pressure = a^ x density. Now, by Art, 1615, 
dp= — (1 +«) /do?; the dîflPerentials being with respect to 
X only, t being constant. Hence, 

a^d.(l+fi) . /dv\ dv 

ii+s)^a> = - / = - {dt} ''^''^. ''=-Ji ^*'y "^"iy> 

for areason similar to that above assigned with respect to f — Y 
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„ , o" . «P . h. 1. (1 + 8) d*« . . . . 

Consequently -^ 1 = . _; and from (A), 

ar.cPh. l. (1 + 8) _ a^éPv 
dwdt dœ 

r^y « d^v ^ drv 

Therefore, - = a* — (B). 

Hence, integratîng, (Lacroix, Int Cale, Art. 139.) 

v = F(a?-aO +f(^ + at) ...-.(l), 

A dv a^.d.hA;(l+8) 

and — — = a.F'(œ—at)^af(a;'\'at) = ^ ^^; 

at dœ 

therefore, integrating with respect to œ, 

a.h.l. (l+«) = F(a? — a/)— /(a? + a^)=a«, verynearly; (2) 
and no function of t îs to be added, because 
rf.h.L(l+^) dv 

— li = - 57 ^^^"^ (^> 

Let us now consider what is indicated by the équations 
(1) and (2). The équation (JS) will be satisfied if one of 
the functions /, be supposed to disappear, as we may con- 
vînce ourselves by trial. Hence the équations 

t? = a« = i^ (a? — at) 

point out a motion which is possible, and which it. will be 
convenient to attend to in the first instance. Since nsa«, 
if at a given instant an ordinate be erected at each point 
of the Une OMN (Fig. 69,)^ proportional to the différence 
between the density at the point and the mean density, thèse 
cH'dinates will also be proportional to the velocities, and the 
curve which bounds them will give at once the law: of the 
density and that of the .velocity. The positive ordinates 
correspond to velocities in the direction OMN and to con- 
densations, the négative to velodties in the contrary direction 
and to, Raréfactions. The state and motions of the particles 
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being) thereforc, properly représentée! ai the end of the dme ty 
by some curve Pçr, the exact form of which for our présent 
purpose, it is not necessary to know, let us enquire what 
will take place at the end of the time / + t. We shall hâve 

V = as ^ F (œ -- a . t -h t). 

Now if we describe two curves, the equatkm of one of 

which is y = F{œ^m)i and that of the other y = F{œ — m + n), 
they must be exactly the same, but at différent distances firom 
the origin of <r. An ordinate in the first will be less distant 
from the origin than the corresponding ordinate in the other, 
by the quantity n. Hence we infer, that the state of the 
particles at any distance œ'\'aT from the origin of oo-ordinates 
in the case before us, at the end of the time ^ + t, is the same 
as the state of the particles at the distance w^ at the end 
of t* The motion has consequently been prapagated ftom 
the origin during the time r, through a space ar. As 
this is true whatever be r, the velocity of propagation is 
uniform and is equal to a. It is also independent of the 
magnitudes of v and s. If A = the height of the homoge- 
neous atmosphère, g h x density = pressure. Therefore a*=ghy 
and the velocity of propagation = that acquired by falling 
through half the height of the homogeneous atmosphère, 
as Newton first determined it to be. 

Because the same quantity a' is equal to ^ — : — , at 

every part of the atmosphère, it appears that the vdocity 
of Sound is the same in the higher régions, where the air 
is rarer, as it is at the surface of the earth. But the inten9iig 
ç£ Boimd will be less as the air is rarer, since it must dépend 
cm the quantity of motion communicated by the distiurbânoe, 
and the same disturbance (for instance, a stroke on a bell) 
will communicate a smaller quantity of motion to riure air 
than to air that is denser. It is observed that the report 
of a pistol on the tops of high mountaina, is much le^s 
loud than in the plains helow. 

The velocity determined above fpr the propagation, of 
sound> is that which would obtain in a médium in which 
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the pressure under ail circumstances varies as tbe density, 
and no extraneous f^ce acts. But experfanetft has i^ewn, 
that wben the d^isity of the air is mjsâden/Ug altered, ft. 
devdbpement of beat is produc^d^ whidh either introduoes 

a new force, or destroys the constancy of the quantity ^ — ; — . 

Now ail the parts of the air through which motion is propagated, 
sufier a sudden altération of density. Accordingly it is fbund 
that Uy which is Q25 feet per second, falls short of the actual 
vdocity of propagation, which tlie experiments of the French 
Academicians ascertained to be 1105 feet per second. La 
Place bas shewn by theoretical considérations {Mec. Cel. 
Liv. XII. Chap. 3.), that the efiect of the developement of • 
beat is taken into account by altering a in a certain ratiow 
This ratio will therefore be that of 1105 to 925. It foUows, 
that in the air as well as in the suppositions médium, the 
yelocity of propagation is independent of the magnitude of 
the motions of the particles ; and this is conforraable to fact. 

Just as we bave treated the function F by itself we might 
treat / by itself, and we should obtaiïi lîke results, excepting 
that the direction of propagation Would be towards the origin 
of co-ordinates on the positive side. In gênerai, therefore, 
the vibratory motions of the particles of a column of the 
Auid, may be resolved into the motions which resuit from 
two propagations obtaining simultaneously in opposite direc- 
tions. 

. The équation (J3) will still be satisfied if eacb of the 
two functions contained in its intégral, be resolved into . as 
many others as we please, connected by the siign + or — ; 
that' is, the équation is satisâed by 

s = F^(w^ at) + F^ Çff^at) — F^ (w-^at) + &c. 

Now, as each of thèse terms may belong to a separate pro- 
pagation, the interprétation of this analytical fàct is, that 
a great number of propagations may obtain at the same time 
in the tdr, without interfering with each other, and that 
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many vibrations of its particles may coeanst. The motion 
of a particle is the résultant of the several motions it would 
hâve, if each propagation took place without the others. 
We must conceive the simultaneous transmission of différait 
sounds to be efiected in this manner, in order to understand 
how it is that at a concert every ear is sensible of the effect 
of every instrument. 

It was found that v^as when the propagation is fir(nn 
the origin in the positive direction. Hence, since v and s 
are both positive or both négative at the same time, tke 
condensed particles always move in the direction of propar- 
gation, the rarefied in the contrary direction. The same 
thing will appear from the équation t) = ^ as^ which applies 
to propagation in the négative direction. This will help us 
to explain how it is that the same disturbance, for instance, 
the motion of a small body forwards in the fluid, will produce 
propagations simultaneously in opposite directions. For the 
fluid must be just as much condensed at one part by the 
disturbance, as rarefied at another. But the body impresses 
both on the condensed and rarefied particles, a motion in 
the direction in which itself moves. Therefore the rarefied 
portion will produce propagation in a différent direction 
from the condensed. 

Let us now attend to the forms of the fimctions F and f. 
Thèse will be given by the given nature of the disturbances. 
Let abcd (Fig. 70.) be a cylindrical tube containing the fluid, 
mn a diaphragm placed transverse to the axis, just fitting the 
interior, and capable of moving in the direction of the axis. 
If the diaphragm be made to move with a velocity which 
is very small compared to the velocity of propagation, the 
particles immediately in contact with the side looking in 
the direction of the motion, will be condensed proportionally 
to its velocity; the particles on. the other side will be in the 
same proportion rarefied. For the équations v ^ as and 
« = — a« must apply to thèse cases. Thèse condensations 
and raréfactions will be propagated from m with the uniform 
velocity a. Suppose the diaphragm to move in the direction 
ma from rest to rést again, in the time r, through a small space 
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S^hich may be neglected in comparison of the distance over 
which the motion is propagated in the same time. Take 
iem = aT; then if em represent the whole time of the motion 
of ,the diaphragm, and an ordinate pq he erected proportional 
to#its velocity at a time from the commencement of its motion 
represented by the abscissa ep, the locus of q will be a curve, 
which may be called the type of the wave genefated by the 
diaphragm. The same curve inverted, asmq' e\ will be the 
type of the wave propagated in the othér direction. Sincé 

the curve éqm is expressed analytically by the arbitrary func- 
tion, and we therefore see that the form of the function is given 
by the given mode of the disturbancci JProm the time that the 
diaphram comes to rest, ail the subséquent motion will be in- 
dicated oy the curve egm, moving with the velocity a in the 
direction ma^ without undergoing any change of form, for there 
are no data wliereby a change of form could be determined. 
The particles it successively reaches, ail pass through the same 
States of velocity and condensation as those in immédiate con- 
tact with the diaphragm. That the line eqm may be a portion 
of a curve, for instance, a segmeàt of a circle^ has be^i proved 
by Lagrange, who shews generally in the second volume of the 
Miscellanea Taurinensia^ that the consécutive values of v and s 
are not necessarily subject to the law of continuity. Hence 
also it is not necessary that the line between e and m should be 
continuons; it may even consist of two straight Unes as e/, fm. 
If the diaphragm moved uniformly for any length of time, the 
bne eqm would become a straight line parallel to am, indicating 
that a stream would be produced : ail the particles in motion 
will be condensed proportionally to their velocity; for the 
équation v = a8 must apply to this case. 

If the diaphragm go on moving backwards and forwards so 
that its oscillations shall be isochronous, it will generate a séries 
of àltemate condensations and raréfactions,, which are proper for 
giving to the ear the sensation of a musical note. For the only 
condition required for producing a musical sound, is, that the 
waves which strike the ear recur at regular intervais. The 
pUch of the note dépends on the number of waves which strike 

SM 



sr74 

ni a gt^e» tinie : tlie gre«ter the number the higher the note. 
If the number exceeà a certaio Kmit the note wiU be too bigh 
to be peredved, and on the other hand, the ear is unable to mp- 
ftetMte the nuCe when the number fidb short of a certam limit: 
theie Umhs are différent for diflSn-ent eara. It is not necessaiy 
that the type of ail the wares should be the same, or ûîe 
aidUadont of the diaphragm be ail perforraed in exactlj the 
Mune manner; provided aÛ occupj the same time the note 
will renudn the same, but will be clearer the more regular 
the waves are. What has been said wiU serve to oonvey a 
gênerai idea of the manner in which the pitch of a musical 
note is determined by the vibrations of a solid in the air, 
as for instance, the reed in organ-pipes. It is probable that 
the particular manner of the vibration, the position of the 
vibrating body with respect to the parts of the instrument to 
which it is attached, and the vibrations of the instrument ît- 
self, ail go to détermine the timbre of the note, or that quality 
by which we distinguish the same note on différent instruments. 

But there are cases in which musical sounds are produced 
without the intervention of a vibrating solid. If a uniform 
stream of air be blown across the mouth of an open èylindrical 
tube, or obliquely against the edge of its mouth, a musical note, 
will in many cases be produced. (See Biot, Traité de Physique, 
Tom. II. Chap. ix.) Now if this stream were confined in a 
straight canal, we should know from what has been said in the 
last paragraph but one, that the condensation would be pro- 
portional to its velocity. And without entering into the 
considération of motion in space of three dimensions, we may 
infer that in any case the density of the stream will differ from 
the mean density. But the air within the tube, being kept at 
rest by its sides, will be of mean density. Hence two portions 
of air of différent denaities will be contiguous to each other^ 
and coBsequently motion muât ensue. From the manner of di* 
reeting the stream, it is plain that the cohinm of air in the tube, 
undergoes but a very small permanent motion of translatiora^ 
evcn when the moath opposite to that at which the disturbance 
it made is open, as in the common flûte with the fiager hcde» 
alopped, aad none at aU, if the opposite mouth be closed, as in 



275 

Pan's pipes. Hence the column will be made to yibrate back* 
wairdsand forwards, and expérience shew« that the vib)ratkm8 may 
be such as to give rise to musical notes. Hère then we baye an 
instance in which the vibrations are caused bj the action of the 
parts of the fluid on one another, and in which also there is no 
extraneous accelerative force. Hence the précise nature of the 
vibrations must be determined by referring to the intégral of 
équation (C), and endeavouring to ascertain, prior to ail hypo- 
thesis about the mode of disturbance, the particular form of its 
arbitrary functions : for this équation bas been investigatcd solely 
in référence to the action of the parts of the fluid on each 
other. We shall succeed in doing this in the following manner. 

It bas been shewn prior to any hypothesîs about the mode 
of disturbance, that each of the functions F and /, in the inté- 
gral of (C) wîU satisfy it independently of the other, and that 
one applies to a propagation in the positive direction, the 
other to a propagation in the contrary direction. When there- 
fore both occur in the intégral at the same time, it is allowable 
to suppose, as a particular case, that the propagations they 
indicate are exactly equal to each other. In such a case there 
must be one point at least, at which the particles go througb 
the same séries of velocities by reason of the two propagations, 
but in opposite directions. At this point therefore the resulting 
velocity must be 0, independently of the time. Let l be its 
distance from the origin of co-ordinates, and for at put %. 

Then F (/ — «) - /(/ 4- «) == 0, whatever be %. (a) 
.'. by Taylor's theorem. 

Fit) -/([) - {F' il) +f(l)} z + {F"(I) -fit)] J - kc. «0; 

Hence F {l)-f (0=0, (1) 

F' (1)+/ (1)^0, (2) 

F"(l)-f'{l) = o, (3) 

&c. &c. 

Thèse équations can détermine nothing about the value of l^ 
which must remain arbitrary, as the origin of co-ordinates is 
arbitrary. They must be satisfied, therefore, by a considération 
of the values and forms of ÛiQ functions themselves, We shall 
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satisfy at once (1), (3), (5), &c. by making / the saine as F. 
Equation (a) then becomes F {l^z) -^ F (l + x) ^ 0, and 
shews that JF(Q is a maximum or minimum, and that tke 
values of the function F at equal distances on each side 
of the maximum or minimum value are equal. Hence alao 
F' (Q = 0, and the équation (2) is satisfied. But besides this 
we must hâve 

F"' (0 = 0, F" (/) = 0, &c. 

That is, the same value of œ which makes F (iv) a maximum 
or minimum, makes ail the odd differential coefficients dis- 
appear. This condition immediately conducts us to a trigo- 
nometrical function, and the simplest that présents itsdf is 
y=:m ànoff which satisfies ail the required conditions. The 
only other mode in which any of the équations (l), (2), (3), &c. 
may be identically satisfied, is ]}y making / the same as — F. 
This supposition vérifies at once (2), (4), (6), &c. and (a) 
becomes 

/r(/-|.ijf) + F(/— »)=0, orF(/ + «)=-F(/-»). 

This being true whatever be ar, shews, by making z = Oy that 
F(l) = Oj and équation (l) is satisfied. But we must alsQ 
hâve F" (/) = 0, F'" (/) = 0, &c. We hâve therefore to find 
a curve, suçh that the same value of w which makes y = 0, 
causes ail the even differential coefficients to disappear, and 
so disposed about a point at which it cuts the axis, that 
the ordinates at equal distances on each side of this point 
shall be equal with opposite signs. Thèse conditions will 
be fulfiUed in the same équation y=m sin<r. Moreover the 
required conditions are satisfied in the most gênerai manner 
by y = m sin <r + m' sin 3w + W sin 5œ + &c. on açcount of the 
unlimited number of tenus. But, as we hâve seen, this 
équation points out a motion which is the résultant of a great 
number of motions of the kind indicated hy y = m sin «r. This 
last may therefore be called the primary form of the arbitrary 
function, and is that which it was required to find. Let A. 
be the common distance between the points at which the 

curve cuts the axis: then y = m\ sm — . 
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Before entering upon the considération of the vibrations 
ot the column of air in a stop-pipe, let us consider generally 
the mode in whiçh a séries of aerial waves are reflected. 
Conceive two motions exactly alike to be propagated in 
opposite directions along a cylindrical tube. Xhere must 
be a point at which the velocities are the same and in the 
same order, in virtue of the two propagations, but in opposite 
directions. At this point therefore the particles wiU be at 
rest. The motion wiU in no respect be changed, if an in- 
definitely thin rigid partition be placed at'right angles to 
the axis of the tube just where the particles are stationary. 
The fluid will be divided into two separate columns in each 
of which the motions will be the same as before. But plainly 
the particles in one column cannot be a£Pected by a disturbance 
made in the other. Hence the efiect of such disturbance is 
supplied by reflection at the partition. It thus appears that 
the obstacle gives rise to a séries of reflected waves exactly 
like the incident waves, and that the particles in contact 
with the reflecting body do not move. 

Suppose now a séries of waves of the primary type to 
be generated in the manner we hâve before mentioned, at 
the open end A (Fig. 71.) of a tube closed at jB, and to be 
propagated from A towards B. At B they will be reflected, 
will retum to J, and there issue out into the circumambient 
fluid. After reflection two waves, whose types are c6, &b\ 
exactly equal, will meet, and in conséquence at some point 
m the velocity will be always equal to 0. Let t be reckoned 
from the time at which c and c' were simultaneously at m. 
Then cm=:at; and if mp = af, M = y> 

y = mX sin -- («2? + a^). 

A 



TT 

Also if pr==y\ y^z=m\ sin- (at-^w). 

A 
Hence v = y-^t/^ m\ (sm'--.œ + at -f sin - . a? — at) 
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^ . trdi irat 

2mX sin — cos 

X \ 



and a« = y +y' = wX/ sîn- (a?+a/)— 8in--(a? — a^) j 

= 2 m X cos — 8in -— - . 

As the particles at the closed end must necessarily be at 

rest, we may reckon œ from B towards A^ and date fram 

an instant at which the condensation at B is 0. Then v wiU 

alwajs = where œ ^ nX, and as will always ts. wbere 

wss,{n + \) X. The points obtained by putting ns=0, 1, 2» 3^ &c. 

are in the first case called nodea, in the other» loapa. Expérience 

shews that when a musical note is sounded, the density of tbe 

fluid at A is always the mean. This will take place if jt 

be the position of a loop. Hence if AB=^lf we must huve 

2/ 
/ = (n-f^)X, or X = . Let n = 0, then X = 2/. In 

this case the lowest note, the fundamental note^ is sounded. 
If we call it 1, the others may be called 3, 5, 7, &c. being 
inversely as X the breadth of a wave. It is found in fact 
that 1, 3, 5, &c. are the only notes that can be sounded. 
If we suppose the end B to be removed, and the tube to 
be prolonged to A\ so that BA' = BAj the wave instead of 
being reflected at B will go on to A\ and pass out there just 
as in the other case it passed out at A. Hence the distur- 
bance being the same, the note of a tube open at both ends 
is the same as that of a tube of half the length closed at one 
end: — an inference which experiment confirms. It is found 
that the séries of notes is 1, 2, 3, 4, &c. or that they are 
such that the breadth X of a wave is an aliquot part of the 
length of the tube. The reason of this fact is not satisfac- 
torily understood, but probably may be traced to the vibra- 
tions of the tube itself, which would conspire with waves 
of this séries, and interfère with any other. 



ÀPPENDIX (B.) 



ON THB GENERAL EQUATION. Art. 132. 

If we take the Une along which the intégration (A), 
Article 131 is to be made, always in the direction of the 
motion of the particlçs through which it passes or in the 
opposite direction; the quantities do?, dy, d%, taken v(ac- 
cording to the conditions of équation A) from one point in 
space to another, are équivalent to Hhdâ?, ±dyy Hhd^ taken 
in référence to the motùm of each particle. Now dtt?, dy, dss 
being thus taken f((j)da + <p'di^ + (p'^di^) is shown Art. 156.) 

to be équivalent to / — dë^; 

dv 



... p = i> + D f^ds^. 

O dt 



Suppose the motion to be uniform, and the Une of particles 
taken as above to occupy the path of a given particle ii. 
Now the intégral is to be taken at a given time^ from one 
point to another in this Une, and with respect to the différent 
particles of it. But, on the assumed hypothesis of uniform 
motion, the intégral thus taken, is the same as though it 
were taken with regard to the sa/me particle /i, when at 

^ Thb veault may be dcduced at ence by considering the whole 

ûmà mas» (hdd in equilibrtum by the a^lication of the forces liost) 

to hecmxie solid> exceptîng otily » line of particles takea as above^ 

of whose length ds is an élément^ 

dv 
V representing the velocity in magnitude and direction^ -vr witt 

under every drcumstance reptcscnt the accelerating force, also in 
magmtisde and direction. The équation is theref(nre perfcetly 
gênerai. 
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ûifferent timea it occupies the différent points in its patl)^ 
The intégral / -j- d« therefore, in fact, représenta the sum 

of the effective accelerating forces on the particle /u at the 
différent periods of its motion, each multiplied by a cor- 
responding élément ds of the space it describes. 

V and 8 are both functions of t, and therefore of one 
andther ; 

dv dv ds dv pdv /* dv , ^ , , , 

dt ds dt da J dt J ds ^ * 

.> p = P + ^Z>v« + C. 

The ambiguous sign is manifestly introduced in passing from 
the conditions of the equilibrium to those of the motion. 

According to the above theory the négative sign should 
be replaced by the sign + in équation (e), Art. 206. 



Note on Article 156. The quantities dw^ dy, dx are 
assumed in this Article to hâve référence to the fnotion of 
the fluid, as explained in Al'ticle 132. 



APPENDIX (C.) 

ON THE BFFLUX OF FLUID8. 

Let a fluid be supposed to flow through an apertûre 
of finite dimensions, in the base of a vessel, towards which 
its sides contract, and let us consider the descent of an de-» 
ment contained at any given time by two horizontal âecticms 
of the fluid. 

Since in being made to occupy a lower position in the 
vessel, the élément is rediiced in magnitude, it is clear that 
a portion of the fl\iid it contains is extruded from it ia its 
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descent, and left to occupy a higher positiou in the vesseL 
The particles among which the velocity of descent is thusr 
partially desiroyed (and which manifestly occur towards th^ 
extremîty of each section) being thus forced amongst those 
of the immediately superior section, a still further disturbance 
and deâexion is the resuit. And thus towards thé boundary 
of every section similarly taken in the fluid, a retardation 
is produced, at once by the continuai contraction of its di- 
înensions, and the partial quiescence of the inferior fluid. 

And further it is évident that the particles at any given 
time occupying a given section of the fluid, will in theiir 
further descent form themselves into a curved surface, whose 
curvature is continually variable with the time. 

In contact therefore with the sides of the vessel, there 
is formed a fluid mass in which motion is partly or wholly 
destroyed ; ' and, if there be any portion of the* fluid in 
^hich the hypothesis of continuai descent in the same hori^ 
zontal section obtains, it is bounded by a surface other 
than that of the sides of the vessel. It would seem that 
such a portion of fluid exists near the axis of the aperture 
presenting a slender column, whose section varies as the 
squares of the radii of curvature, at the vertices of the sur- 
faces into which the descending sections of the fluid suc- 
cessively form themselves. ^ This column is clearly bounded 
by a surface variable in form with -the time. The following 
experiments confirm the observations we hâve made above. 

Ewperiment 1. If into a prismatic vessel containing a fluid 
which escapes through a small aperture in its base; there 
be thrown minute particles whose spécifie gravity is some- 
what greater than that of the fluid; they will be observed 
to descend vertically until they reach within three radii 
of the aperture; after which they will converge from every 
side towards it, describing curved lines manifestly convex 
to the axis of the vessel. Thus the moving fluid will form 
in the vicinity of the aperture a conoid rapidly converging 
to it, and having the section of the vessel for its superior base, 
and three radii of the aperture for its height. This conoid 
is called the gorge. The small quantity of fluid surrounding 

2N 






the gorge remains stagnant near the bottom of tke 
The tendency of ail particles towards the aperturt bj m 
eonoidd fimnel is equaUy apparent, whether tt be made in 
Hie bott<»n or the sides of the Tessel. 

Eaperiment 8. If there be poured on the sur&ee of the 
fluid a stratum of oil or other coloured liqnid of a less spécifie 
grayity than itself ; so soon as that stratum faas.reached wilhin 
the distance of three radii of the aperture^ the coloured liquid 
wiU force its way through the fluid to reach it, and the gorge 
will be clearly seen converging to the aperture, and convex 
to the axis of the vessel. 

Ewperiment 3. When the aperture is made in a thin 
■nbstanœ, the partides préserve during a short space after 
they hâve passed it, the oblique and converging direction 
m which they approached it. The jet h thus n^ndly eon^ 
tracted near its commencement, and there is Ibrmed outsîde 
oC the vBssd a second conoid which may be ccHisidered « 
continuation of that within it. 

This external conoid is called the vena contraetay and 
its extrême or least section, the section of the vena contrœta. 

The ratio of the section of the vena contracta to that 
of the aperture is represented in ail cases by the quantity 
0.625. 

It is clear that the vena eantra>cia will produce the same 
variation in the efflux as though it formed a continuation of 
the vessel itself, and that the efflux does in fact take place 
at its externe section. In ail those formulas into which there 
enters the symbol kf representing the section ol the i^>ertu]:« 
at which the efflux, takes place, it must be understood 
that it does not represent the section of the aperture 
in the vessel, but that section multiplied by the décimal 
0.625. Where the motion takes place from one fluid into 
another, as in the case of communicating vessels, the. ratio 
of the section of the vena cantr€u:ta to that of the aperture 
is no longer the same. It has not as yet been ascertained. 
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To détermine the sttrfaces ef equal pressure in a moving 
Jl^id, 

We hâve if the motion be unîfbrai^ 

gx — ^v^ ^ constant. 

Admitting the hypothesis of parallel sections, and conceiving 
the interior surface of the vessel to be symmetrîcal about a 
vertical axis which passes fhrough the aperture, and such 
that ail its horizontal sections may be similar, we shall havé 
for the équation to any section through the axis df a vessd 
of equal pi^essure, 

^» - -î = C. 

The above h the équation to an h3^erbolic curve of the 
fourth order between the asymptotes. 

The ijena contracta is eridently a surfaee joi equal pres- 
sure. 



APPENDIX (D). 

ON THE RESI8TANCB OP PhVTDB. 

In the theory of résistance given m Article 171) Tta dti^ 
count is taken of that variation in the pressure which results 
from the diatwrbance at the pœterior surface of the plane. 
This hypothesis, which ib that tisually adopted, is erroneous. 
A variation is manifestly produced in the pressure of the 
4uid, a& well by the motion behind as by that before the plane. 

Let the plane w^he taken beneath the fluid, then adopty;ig 
the notation of Art. 192, and considering the motion of 11 
particle from the point where the disturbance commences^ ter 
the anteriot surface of the plane; we have^ since the motiof^ 
tends to increcLse the co-ordinates, 
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P - P, = - «rD («r- «,)- i />(»*- O- 

Again, considering the motion of a particle from the point, 
where the disturbance terminâtes to the posterior surface, we 
hâve, since the motion tends to diminish the co-ordinates, 

p -!>„=- ér/> (« - O + i ^ («* - O- 

Subtracting thèse équations, 

2P.M - 2p,,M= -^/>2 (i^ -O M+D2«V-il>2 (tj; - O M. 

Now the intégral — g'dS (s?^ — «J yu, taken wîth regard to 

that portion of the plane, hoth surfaces of which lie beneath 

the surface of the fluid, evidently = 0, and taken with regard 

mDv^ 
to the remainder, it is shown, Art. 193, to equal . 

If therefore we assume the velocity of the fluid in contcuit 
with the plane, to be, on both sides of ît the same (or v^ =s v^^y 
we shall hâve for the whole pressure, (2p^M — 2p^^/x)» tending 
to produce motion, 

+ MDv\ 

^g 

■ 

Throughout this theory of résistance we hâve supposed each 
particle of fluid to lose its velocity on coming in contact 
with the anterior surface, and to re-acquire it by a continuai 
accélération on the opposite side of the plane. 

This seems to amount to the hypothesis, that the plane 
whilst it gradually destroyed ail motion in the particles as 
they approached it, should when they came in contact veith 
it, présent no further obstacle to their progress, an hypothesis 
manifpstly opposed to the facts of the case. The fluid brought 
in contact with the plane ^havipg lost ail its velocity in the 
dilution of its motion, collects in a quiescent state before 
it, and présents to the action of the current a fluid surface, 
essentially difierent from that of the plane, and tending 
obviously to vary the pressure upon it. 



285 

The foUowing theory is by La Grange*. Suppose a 
circular plane to be opposed transversely to the current of 
a stream, then will a conoidal mass of quieècent fluid coUect 
itself before it, bounded by a correspondent hoUow conoid of 
moving flukl. Suppose every portion of thîs last fluid to move 
with the same velocity, each transverse section of the conoidal 
shell, into which it has formed itself will then be of the same 
area. Let K represent this area, R the radius of curvature of 
fmy point of the curve, whose révolution générâtes the sur- 
face bounding of the quiescent conoid, <r the perpendicular 
distance of this point* from the verteœ^ and y its distance 
frpm the axis of the conoid, v the velocity of the stream. 

Now let us consider a section of the conoidal shell per- 
pendicular to its surface. The pressure exerted by each 
of the moving particles in a direction perpendicular to that 

of its motion, (i. e. the centrifugal force) îs represented by —, 

R 

and, considering the thickness of the shell as small, the whole 

pressure thus generated on an annulus of the quiescent conoid, 

il? represented by — - — . Referred to an unit of surface 

R 

this becomes . Now this unit of pressure is the 

R^iryds ^ 

same throughout the whole surface of the conoid, and is 

transferred through the médium of the quiescent fluid to 

each unit of the plane. If therefore, we call P the unit of 

pressure on the plane, we hâve 



2TrRy 

s 

Now R^ "^^ 



d 



(atv\ 
d7/ 



* Mm. de Turin, 1784, 1785. 
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d«c\ 



.-. ZirPydy = - Kv*dL£\\ 

.: P»»*« C - Kv* (^) (1), 

— yis the cosîne of the angle made by a tangent to the geœ- 

ratîng curve with the axis of the conoid. At the vcrtex 
therefore this cosine equals unity. Let represent this 
angle at the point, where the curve meets the plane. Now 
at the base of the conoid Pirff^ represents the whole pressure 
upon the plane. Taking the intégral therefore firom the 
vertex of the conoid to its base, we obtain for the whole 
pressure on the plane, the expression 

Jrtj« (1 - C08 ^) (2). 

From équation (l), we obtain 

(C-P7ry*)dy 



-/ 



By the intégration of which expression the nature of the 
generating curve will be determined. 



APPENDIX (E). 

On THE Note to Ar|L 125. 

SiNCE the température diminishes in arithmetical pro- 
gression as the altitude increases in arithmetical progression; 
it js clear that the corresponding variations of the température 
and altitude are to one another in a constant ratio ; 
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(1 + af) (a + »)• ~J |n-a(<'^C«)}(a + «)* 

(a + %) ^ 

.*. &c.,,«. ••.•..••«» ^ fec. 

The above method is evidently préférable to that given in 
the commenoeineBt of tbe note. 



/ 



APPENDIX (F). 

O» Art. 206. 
By Art. 156. we hâve 

V being the velocity of any particle, and ds the space it 
describes; and the intégral being taken along an irregular 
line, drawn continually in the direction of the motion of the 
particles through which it passes, or in the opposite direction. 

Now, V varies by reason of the incrément dt in time, 
of the motion of the particle whose velocity it represents, 
and the variation d» of its position in space; 

dV _ rdV\ (dVyds^ 



J \dt) 



^^^'ds + ^V. 
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The constant, which is a fonction of /, being supposed to 
be included în the intégral / ( — j ds. On the whole we 
hâve, therefore, 

In the intégral + / ( "T" ) rf*> Hh rf* représenta thé 

elementary space actually described by any particle of the 
Une along which the intégration is made; and the sign + 
is taken according as that motion is in the direction in which 
the Une is measured^ or in the opposite direction. If we 
alter the hypothesis, and suppose ds to be an élément of 
the Une itselfj the ambiguous sign wiU disappear, since dsj 
wiU in this case, become essentiaUy positive. We shall thus 
pbtain 

Adopting the dotation of Art. 206, 

F«= t*^ + t>* + M;^ 
and difierentiating with respect to t^ 

''©=»(ë)-(r:)-o= 

ds /dV\ _dœ /du\ dy /dv\ d« /dto\ 
' ' di Vdt) ~ dt \di) "^ li \dt) "'' Tt Vdt) * 

•• (ï) ''' = (S) ''^ + (S) ^y + (^) *** 



= d (—^ by Art. 206 ; 



■■A^)^'-&> 



■■■P''P-I>C^)TiDV': 
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whîch agrées with équation (é), Art. 206, except that the 
last term îs not there affected by the ambiguous sign. The 
introduction of this sign involves a question of some difficulty 
and of very considérable importance. It is opposed to the 
theory of D' Alembert, and to the exposition of that theory given 
in Chap. vu. : under thèse circurostances he is most anxious 
to show that the innovation has not been tnade lightly or 
inadvertently. 

It may perhaps put the subject in a clearer light to 
consider the équation A^ Art. 131, in its original form without 
substituting (in the beginning of the opération) for dwy dy^ d% 
which are there supposed to be taken from one point in space 
to another, their équivalents + rfa?, + dy, ±d% which re- 
present the elementary motions of a giyen particle. 

From the équation in its original form, we shall obtain 
precisely as before 



p^P-Df 



dV 
ds. 



dt 
^, dV /dV\ „/dV\ 

NOW -— = (-7-1 + ï^(-7-|. 

dt \dt) \ds) 

Where the dififerentiation is made with référence to the in- 
crément of time dt^ and the ^axiBtioiw. of position d»f ds 
hère then represents an élément of the motion of a particle 
in the line along which the intégration is made, and the 

partial differential coefficient (-7-) îs taken on this hypothesis. 
But in the intégral / -j— d«, ds represents an élément (not 

ty dt 

of the motion, but) of the line of intégration. 

In fV { -— \ ds, ( -7- ) represents therefore, the partial 

20 
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differential coefficient of V with resçesX to the space deseribed 
bj a given partkle, whilst de re|vesent8, not an dément of 
that space, but a given positive élément €i the Une itself. 

In the présent fonn of the exjn^ssicMi, the int^[ration 
cannot therefore be eSected. To complète it, we must sub- 
stitute for the élément of the Une ds, its équivalent, the 
élément of the motion ^ ds; and we shall thus hâve 



/F(if)<±d.) = ±/r(l^)d. = ±iF.; 



,., = P-I>f{-)d.Til>V. 

It may hère be as well to observe, that the pressure 
on any point of a moving fiaiàj is not necessarily the 
same in every direction. 



APPENDIX (G). 

Note on Art 157- 
In this Article v and k are functions of t; differentiating 
— with respect to /, we therefore, in fact, differentîate the 

K 

velocîty V generally ; and — represents, as it ought, not the 

partial differential coefficient of i; with respect to #, but simpl}r 
the limiting ratio of the incréments of i; and /. 
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